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Introduction

Toward greater focus and coherence

Mathemalics expenences in ewrly chiidhood sellings should concentrte an
{1) number which inclides whole number, operafions, and relafions) and (2]
geometny. spaticl relofions, and meosurement, with moe mathemalics learming
fime devoted fo number than to ofther fopics. Mathemalical process poals
should be infegraled in these conlenl areas.

— Malhemalics Leaming in Early Childhood, Nalional Rescarch Council, 2000

the composite stondards [of Hong Kong, Korea and Singapore] have a number
of features that can inform an infemdational benchmarking process for the
development of K-6 mathematics standards in the ULS. Firsl, the composife
standards concentrale the early leaming of mathemalics on the numiber,
rmeasurernent, and geomelny strands wilth less ermphoss on dalo anohss and
lifhe exposure fo adlgebra. The Hong Kong stondards for graodes 1-3 devole
approdmately holf the forgeted fime to numbers and almost ol the fime
rermairing fo geomeliry and measwernent.

— Ginsburg, Leinwand and Decker, 20049

Because the mathematics conceptsin [U.5.] texfbooks are offen weak, the
prosenfalion boecomes more mechonicol fhonisideol Welookedal both
Iradifional and non-fradifional fexibooks vsed in the US and found this
concenfual weakness in baoth.

Ginsburg et al., 2005

There are many wons fo organige curicula, The challenge, now rarely mel, & fo
crvoicd thaose that disfort mathematics and fom off sfudents.

— Stean, 2007

Far aver a decade, research studies of mathematics education in high-performing
countrics have pointed to the conclusion that the mathematics curriculum in the
United Slates must become substantially more locused and coharant in ardar ta
improve mathamatics achlevamant In this country. To daliver on tho promisa of
common standards, the standards must address tha problem ol a cunriculurm that
i= “a mile wide and an inch decp.” These Standards are a subslantial answer lo thal
challenge,

I is imporiant o recognize that “ewer standards™ are no substitute for focused
slandards. Achiaving "fewar standards" would be aasy to do by resorling o broad,
general statements. Instead, these Standards aim for clarity and specificity.

Aszsassing the coherence of a sat of standards is more difficull than assessing
their focus, William Schmidt and Richard Houang (2002) have sald that contant
slandards and cumicula are coherenl il they are:

arficulaled over fime as o sequence of lopics ond perforrmances thal are
logical and reflect, where appropaiate. the sequenticl or hierarchicol nature

of the disciplinary confent from which the subject motter dedves. That is,
whal and how sfudents are foughl should refllect not only the fopics Thal fal
within o cerfain academic discipline, buf also the key ideas thaf determine
how knowledge is organized and generated within thof discipline. This implies



that lo be coherenl, a sel of conlen! staondards must evalve fram parficulors
ey, the meaning and operctions of whole numbers, including simpole moth
facts and routine computational procedures associoted with whole nurmbers
and frocfions) fo deeper sirucfures inherent in the discipline. These decper
sfructures then senve as @ means for connecting the parficulars (such as an

undeslaondng of the rafional number sylem and ils properfies). (amphasis
addad)

These Standards endeavor Lo lollow such a design, nol only by strossing concoptual
understanding of key ldeas, but also by continually retuming Lo organizing
principles such as place value or the properties of operations to structure thosea
Idaas.

In addition, the “saquenca of toples and performances” that is oullined in a body of
mathamatics standards must also respect what is known about how students learn.
As Confrey (2007) points oul, developing “sequenced obslacles and challenges

for students...absent the insighls aboul meaning thal derive from carelul study ol
learning, would be unfortunate and unwise.” In recognition of this, the devalopmant
of these Standards began with rescarch-based learning progressions detailing
whal is known loday aboul how sludenls” malhemalical knowledge, skill, and
understanding devealop over time.

Understanding mathematics

Thasa Standards define what studants should undarstand and be able to do in
their study of mathematics. Asking a student to understand something means
asking a leacher o assess whelher the studenl has understood I But what doas
mathamatical undarstanding look like? Ona hallmark of mathematical understanding
is the ability to justify, in a way appropriate to the studant's mathematical matunty,
why a particular mathematical statement is true or where a mathematical rule
comes from. There is a world of diflerence belween a student who can summon a
mnemonic device to expand a product such as (o + bli(x + y) and a student who
can explain where the mnemonic comes rom. The student who can explain the rule
understands the mathematics, and may have a better chance o succeed al a less
familiar task such as expanding (o + & + o )(x + y). Mathematical understanding and
procedural skill are equally important, and bath are assessable using mathemalical
tasks of sufficient richness.

The Standards sel grade-specilic slandards bul do nol delina the Intarvention
mathads or matarials necassary to support studaents who ane well below or well
above grade-level expectations. Itis also boyond the scope of the Slandards lo
define the full range of supports appropriate for English languane learnars and

for studenls with special needs. Al the same lime, all sludents must have the
oppartunity to laarn and mest the same high standards If they are 1o access the
knowledge and skills necessary in their post-school lives. Tha Standards should

ha read as allowling for the widest possible range of studenls Lo participate fully
from the outset, along with appropriate accommodations to ansura maximum
parlicipaton of studenls wilth special educalion needs. For example, for students
with disabilities reading should allow for use of Brallle, screen reader lechnology, or
othear assistive davices, whila writing should includea tha use of a scriba, computar,
or spaach-to-taxt technology. In a similar vein, spaaking and listening should ba
interpreted broadly to include sign language. Mo set of grade-specific standards
can lully reflect the greal variely in abililies, needs, leaming rales, and achievemenl
lenvals of studeaents in any given classroom. However, the Standards do provide claar
signposts along the way to the goal of college and carcer readiness for all students.

The Slandards begin on page 6 wilh eighl Standards Tor Malhemalical Praclice.



How to read the grade level standards

define what students should understand and be able Lo do.

are groups ol relaled slandards. Mole thal slandards from differant clusters
may somatimeas ba closealy related, because mathematics
Is a connected subject.

are larger groups of related standards. Standards fram different domains
may somelimes be closely relaled.

-.: _1@1;_“ and operations in Base t - _ . 3.nBt -
Use place value understanding and properties of operations to
perform multi-digit arithmetic.

o 1. Usi place valuc understanding to round whole numbers to the nearost
g 10 or 100,

2. Fluently add and sublracl within 1000 using strategies and algorithms cl
bascd on place value, properties of operations, andior the relationship
hatwaan addition and subtraction.

3. Multiply ona-digit whole numbears by multiples of 10 In the range
10-90 (e.g., 9 = 80, 5 = 60) using stralegies based on place value and
propartles of oparations. —

Ihese Standards do nol diclate curriculum or leaching melhads. For exampla, just
hacausa toplc A appears bafore tople B In the standards for a given grade, it does
not necessarily mean that topic A must be taught before topic B. A teacher might
preler lo leach lopic B belore lopic A, or might choose Lo highlight conneclions by
teaching toplc & and toplc B at the samea tima. Or, a teachar might prafer to teach a
tapic of his or har own choosing that leads, as a byproduct, to students reaching the
standards for topics A and B.

What students can leamn at any particular grade level depends upon whal they
have leamed belore. ldeally then, each slandard in this documeant might have baean
phrased in tha farm, “Students who already know ... should next come to leam L7
But at present this approach is unrealistic—not least because exisling education
research cannol specily all such leaming palhrways. O necassity therafora,

grade placements for speciflc toples have bean made on the basis of state and
International comparisons and the collective exparence and colleclive prolessional
judgment of educators, rescarchers and mathematicians. One promise of commaon
slale slandards is thal over lime they will allow research on leaming progressions
to inform and Improve the design of standards to a much grealer extent than is
possible loday. Learning opporlunilies will conlinue o vary across schools and
school syslems, and educalors should make every elforl lo meet the neods of
Individual students basad on their current understanding.

Theasa Standards ara not Infended o be new names for old ways of dolng businaess.
They are a call to take the next step. It is time for states to work together to build
on lessons learmed from bvo decades of slandards based reforms. 1L is lime lo
recoanize that standards are not just promisas to our children, but promises wea
intend to kKeop.



Mathematics | Standards
for Mathematical Practice

The Standards for Malhematical Praclice describe varielies of expertise that
mathamatics aducators at all levals should saak to davelop In their studonts.

These practices rest on important “processes and proficiencies™ with longslanding
importance in mathematics education. The first of these aretha NCTM process
standards ol problem solving, reasoning and proof, communication, representation,
and connections. The second are the strands of mathematical proliciency specilied
in the Mational Research Council's Report Adding If Up: adaptive rieasoning,
strategic competence, conceptual understanding (comprehension of mathematical
concepls, operalions and relations), procedural Nuency (skill in carrying out
procedures  lexibly, accuralely, elliciently and approprialely), and productive
disposition {(habltual Inclination to see mathematics as sensible, uselul, and
worthwhile, couplad with a baliaf In diligance and ona’s own afflcacy).

| Make sense of problems and persevere in solving them.

Mathamatically profliclent students start by explaining to thamselves the meaning
of a problem and looking for entry points to its solution. They analyze givens,
constraints, relationships, and goals. They make conjectures about the form and
meaning of the solulion and plan a solulion patheway rather than simply jumping into
a solution attampt. They conslder analogous problems, and try speclal cases and
simpler forms of the ariginal problem in order to gain insight into its solution. Thoy
monitor and evaluate their progress and change course if necessary. Older sludenls
mighl, depending on lhe conlexl of the problem, ranstonm algebraic exprassions or
change the viewing window on their graphing calculator to get the information thoy
nead. Mathematically proficient students can explain comespondences belween
equalions, verbal descriplions, lables, and graphs or draw disagrams of imporlant
featuras and relationships, graph data, and search for reqularty or frends. Youngar
students might rely on using concrete objects or pictures to help conceptualize

gnd solve a problem. Mathemalically proficient sludents check their answers o
problems using a dillerenl method, and they conlinually ask themselves, "Doas this
make sensey?” They can undersland the approaches ol olhers to solving complex
problams and identlfy correspondences batavean differant approaches.

! Reason abstractly and quantitatively.

Mathamatically praflclent studants make sense of quantities and their relationships
In problam shuations. They bring two complamantary abllities to bear on problems
involving quantitative relationships: the ability lo deconlexfualirze—toabstract

a glven situation and represent it symbolically and manipulate the representing
symbols as if they have a lile of their own, wilhoul necessarily attending to

their referents—and the ability to confextualize, to pause as neadad during the
manipulation process in order o probe into the relerents lor the symbols invalved.
Cluantitative reasoning entalls hablts of creating a coherent reprasantation of

the problem al hand; considering the unils involved; allending to the meaning of
quantities, nat just how to computa them; and knowling and llexibly using dillerent
propertics of operations and objects.

3 Construct viable arguments and critique the reasoning of others.
Mathaematically proficlent students understand and use stated assumptions,
definitions, and previously established results in constructing arguments. They
make conjeclures and build a logical progression of slatements lo explore the

truth of their conjeclures. They are able lo analyze silualions by breaking them into
casas, and can recognize and use counferexamples. Thay Justify thelr conclusions,



communicale them o olhers, and respond o the arguments of others. They reason
Inductivaly about data, making plausihle argumants that take into account tho
context from which the data arose. Mathematically proficient students are also able
lo compare lhe ellfecliveness ol bvo plausible arguments, distinquish correct logle or
reasaning from that which Is flawed, and—If thera 15 a flaw In an argumont—explain
what It Is. Flamantary shudants can construct argumants using concrete reforents
such as objocts, drawings, diagrams, and actions. Such argumenls can make sense
and be commect, even though they are not generalized or mada formal untll latar
grades, Laler, sludenls leam o delermine domains lo which an argument applics.
Students at all gradas can listan or read the argumants of others, decide whelher
they make sense, and ask uscful guestions to clarify or improve the arguments.

4  Maodel with mathematics.

Malthemalically proficient studenls can apply the mathemalics they know to salve
problems arising in everyday lile, sociely, and the workplace, In early grades, this might
be as simple as wriling an addition equation lo describe a situation. In middle grades,
a studeant might apply proportional reasoning to plan a school event or analyze a
problem in the community. By high school, a student might use geometry to salve a
design problem or use a lunclion lo describe how one gquanlily of interesl depends
on ancther. Mathematlcally proficlant studants who can apply what thay know are
comfortable making assumptions and approximations to simplify a complicated
siluation, realizing thal these may need revision laler. They are able lo idenlily
Important quantities In a practical sltuation and map thair redationships using such
tools as diagrams, two-way tables, graphs, flowcharts and formulas. They can analyze
those relationships mathematically to draw conclusions. They roulinely interprel their
mathemalical resulls in the context of the silualion and reflect on whather the results
maka sansa, possibly iImproving the modal If it has not sarved its purposo.

, Use appropriate tools strategically.

Malthemalically prolicient students consider the available lools when solving a
mathematical problam. Thase tools might include pancll and papear, concrate
models, a ruler, a protractor, a calculator, a spreadshect, a computer algebra system,
a statistical package, or dynamic geometry software. Proficient sludents are
sulliciently lamiliar wilh lools appropriale for their grade or course to make sound
dacislons about whan aach of these tools might he halpful, recognizing both the
Insight to ba galned and thalr limitations. For exampla, mathematically proficient
high school students analyze graphs of functions and solutions generaled using a
graphing calculalor. They delecl possible errors by stralegically using estimation
and othar mathamatical knowladge. Whean making mathematical models, thoy know
that technology can enable them to visualize the results of varying assumplions,
pxplore conseguencos, and compare predictions wilh dala. Matheamatically
proficient students al various grade levels are able Lo idenlify relovant oxternal
mathematical resources, such as digital content located on 8 websile, and use them
to pose or solve problems. They are able to use technological tools to explare and
deapan thelr understanding of concapts.

t Attend to precision.

Mathemalically proficient sludenls Uy o communicale precsoly to othors. Thoy
try to usa clear dafinitions in dizcussion with others and In their own reasoning.
Thay state the meaning of the symbals they choose, Including using the aqual sign
consistently and appropriately. They are careful about specifying units of measure,
and labeling axes lo clarily the cormespondence wilh guanlilies in a problem. They
calculate accurately and efficlently, express numerical answars with a deqgrea of
precision appropriate for the problem context. In the elementary grades, studonts
give carcfully formulated explanations to cach other. By the time they reach high
school they have leamed o examineg claims and make explicil use ol delinilions.



! Look for and make use of structure.

Malhemalically proflicient studenls look closely 1o discern a pattem or struciure.
Young students, for exampla, might notica that thres and seaven mora is the samo
amount as sevon and three more, or they may sort a collection ol shapes aceording
o how many sides the shapes have, Laler, sludenls will see 7 =  aquals the

wall remambared 7 = 5 +« 7 = 3, In praparation for leaming about the distribufive
properly. In the expression x* + 9x + 14, older sludenls can sea tha 14 as 2 = T and
the O as 2 + 7. Thay recognize the significance of an exdisting line In a geomatric
ligure and can use lhe stralegy ol drieewing an auxiliary line for solving probloms.
Ihey also can slep back lor an overview and shill perspeclive. Thoy can soe
complicated things, such as some algebralc expressions, as single abjecls or as
being composed of several objecls. For example, they can sec 5 - 3{x - yFas 5
minus a positive number timas a square and use that to realize that ils value cannot
be more than S lor any real numbers x and y.

§ Look for and express regularity in repeated reasoning.

Mathematically proficient students notice if calculations are repeated, and look
both lor general methoeds and lor shorculs, Upper elementary sludents might
nolice when dividing 25 by 11 thal they are repealing the same calculalions over
and over agaln, and conclude they have a repeating decimal. By paying attention
to the calculation of slope as they repeatedly check whether points are on the line
through (1, 2) wilh slope 3, middle school sludents mighl abstract the equalion

(¥ — 2)(x — 1) = 3. Noticing the regularity in the way terms cancel when expanding
(= 14x+ 1), (x= 1"+ x+ 1), and (x = 1){x*+ x*+ x + 1) might lead tham to tha
aenaral formula for the sum of a geaomeatric serlas. As they work to solve a problom,
mathematically proficient students maintain oversight of the process, while
attending to the details. They continually evaluate the reasonableness of their
inlennediale resulls,

Connecting the Standards for Mathematical Practice to the Standards for
Mathematical Content

The Standards for Mathematical Practice describe ways In which daveloplng studeant
practitioners of tha discipline of mathamatics Increasingly ought to engage with
theo subject matter as they grow in mathematical maturity and experlise lhroughoul
lhe elementary, middle and high school years. Designers ol curricula, assessmeants,
and prolessional developmenlt should all allend o the need to connact the
mathematical practices to mathematical content in mathemalics instruction.

The Standards for Mathematical Content are a balanced combinalion ol procedure
and understanding. Expectations thal begin wilth the word “understand” ara oftan
especially good opportunities to connect the practices to the content. Students
who lack undearstanding of a topic may rely on proceduras foo heavily. Wilhoul

a flexible base from which to work, they may be less likely to conslder analogous
problems, represent problems coherently, juslily conclusions, apply the mathomatics
to practical situations, use technology mindfully to work with the mathematics,
explain the malhemalics accuralely o olher sludenls, slep back for an overvicw, or
daviata from a known procedura to find a shortout. In short, a lack of understanding
cffectively prevents a student from engaging in the mathematlcal practicas.

In this respect, those content standards which set an expectation of understanding
are potential “points of intersection” between the Standards for Mathematical
Conlent and the Slandards lor Mathemaltical Praclice, These points ol inlerseclion
ara Intended to be wealghted toward central and generativae concepts in the

schoal mathematics curriculum that most merit the time, resources, innovative
enargies, and locus necessary lo qualilatively improve the curriculum, instruction,
assassmant, profassional development, and student achiavameant in mathematics.



Mathematics | Kindergarten

In Kindergarten, instructional time should focus on two critical areas: (1)
representing, relating, and operating on whole numbers, initially with
sets of abjects; (2) describing shapes and space. More leaming time in
Kindergarten should be devoted to number than to other topics.

(1) Studenls use numbers, including wrillen numerals, to represent
quantities and to solve quantitative problems, such as counling objects in
a sot; counting out a given number of objects; comparing sats or numearals;
and modeling simple joining and saparating sltuations with sets of objects,
or eventually with equations such as 5+ 2 =7 and 7 - 2 = 5. (Kindargarten
sludents should see addilion and sublraclion eguations, and student
wrlting of equations In kindergarten Is encouraged, bul it is nol required.)
Students choose, combine, and apply effective stralegies lor answering
quantitative questions, including quickly recognizing the cardinalities of
small sets of objects, counting and producing sets of given sizes, counting
the number ol objecls in combined sels, or counting the number ol objecls
that ramain In a set aftar some are taken away.

(2) Students describe their physical world using geometric ideas (e.g.,
shape, orientaticn, spalial relations ) and vocabulary. They idenlily, name,
and describa basic two-dimenslonal shapas, such as squares, trianglas,
crclas, rectanglas, and hexangons, prasanted in a variety of ways (2.g., with
different sizes and orientations), as well as three-dimensional shapes such
as cubes, cones, cylinders, and spheres. Theyuse basicshapeas and spatial
reasoning to maodel objects In thelr environment and to construct more
complax shapas.

| vapefuapury
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Grade K Overview

Counting and Cardinality

* Know number names and the count sequence.
* Count ta tell the number of objects.

* Compare numbers.

Operations and Algebraic Thinking

* Understand addition as putting together and
adding to, and understand subtraction as
taking apart and taking from.

Number and Operations in Base Ten

« Work with numbers 11-19 to gain foundations
for place value.

Measurement and Data
« Describe and compare measurable attributes.

+ Classify objects and count the number of
objects in categories.

Geometry
+ |dentify and describe shapes.

* Analyre, compare, create, and compose
shapes.

Mathematical Practices

Make sense of problems and persevere in
solving them.

Reason abstractly and quantitatively.

Construct viable arguments and critique
the rea=zoning of others.

Modal with mathematics.

Use appropriate tools strategically.
Attendto precision.

Lock for and make use of structura.

Look for and express regularity in repeated
reasoning.

| vapefuapury
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Counting and Cardinality K.CC

Know number names and the count sequence.
1 Countto 100 by onas and by tans.

2 Counl lorward beginning from a given number within the known
sequenca (instoad of having to begin at 1).

1 Write numbers fram 0 to 20, Represoent a number of objects wilh a
wrillen numeral 0-20 (wilh 0 represenling e count of no objocts).

Count to tell the number of objects.

i. Understand the relatlonship betwesn numbers and quanlilies; connecl
counting to cardinality.

a. When counting objects, say the number names In tha standard
order, pairing each object wilh one and only one number nama
and each numbear name with ona and only one objecl.

b. Understand that the lasl number name said lells the number ol
objacts counted. The numbear of objects is the same regardlass of

their arrangemenl or the order in which they were counled.

C. Understand thal each successive number name relers lo a quantlily
Lthal is one larger.

5 Count o answer “how many?" gueslions aboul as many as 20 things
amanged in a line, a rectangular array, or a circle, or as many as 10
things in a scattered conflquration; given a numbear from 1=20, count
oul that many objecls.

Compare numbers.

B Identily whelher lhe number ol objecls in one group s greater than,
less than, or equal to the number of objects in another group, e.9.. by
using matching and counting strategias.’

T  Compare two numbers batwesn 1 and 10 presanted as writtean
numerals.

Operations and Algebraic Thinking K.0A

Understand addition as putting together and adding to, and under-
stand subtraction as taking apart and taking from.

1 Reprasant addition and subtraction with abjects, fingers, mental
images, drawings?, sounds (e.g., claps), acling oul situations, verbal
cxplanations, expressions, or equations.

?  Solve addition and subtraction waord problems, and add and subtract
wilhin 10, e.g., by using objecls or drenwings Lo reprasant the problam.

1 Decompose numbers less than or egqual to 10 into pairs In more
than one way, a&.q., by using aobjects or drawings, and record each
decomposilion by a drawing or equalion (e.g., Se 2+ 3and S5=4 + 1).

4. For any number from 1 to 9, find the number that makes 10 whean
added to tha glven number, &.q., by using abjects or drawings, and
record the answer with a drawing or equation.

3 Fluenlly add and sublract wilhin 5.

Include groups with up to ten objocts.

“Drawings need nol show delails, bul should show the mathemalics in the problem.

(This applies wherever drawings are mentioned in the Standards. )

L1 uspebsspuy



Number and Operations in Base Ten K.NBT

Work with numbers 11-19 to gain foundations for place value.

1 Composa and decomposae numbars from 11 to 19 into ten ones and
some lurther ones, e.g., by using objecls or diawings, and racord each
composition of decomposition by a drawing or equalion (e.g., 18 = 10
v A); understand that thesa numbars are compasoed of ten ones and
one, wo, three, four, five, six, seven, eighl, or nine onas.

2. Undorstand the numbers 1-30 as having one, two or thrae groups of
ter.

Measurement and Data K.MD

Describe and compare measurable attributes,

1. Describe measurable allribules ol objecls, such as length or weight,
height and width. Describe soveral measurable attributes of a singla
object.

2 Directly compare two objects with a measurable attribute in common,
o see which object has “more of"less ol” lhe alliibule, and describe
the difference. Forexample, directly compare the heights of fwa
children and describe one child as tallerfshorfer.

3 Know and use the common words lor the parls of the day (morming,
afternoon, evening, night) and identify landmark times to the nearost
howr {i.e lunchlime 12 o'clock, bedlime 8 o'clock).

4 Know and use common warks for relative time (vastarday, today,
tomorrow, last week, and naxt yoar).

5  Idenlity lools thal measure lime (hours, minules, calendars, days, weaks
and months).

£ Hecognize and compare the value ol a penny, nickel, dima and quarter.

T Collect, sort and organlza data to use In graphs, and Interprat tha
graphs.

Classify objects and count the number of ohjects in each category.
1. Classily objecls inlo given calegories; counlt the numbers of objects in
cach cateqory and sort the categories by count.?

Geametry K.G

Identify and describe shapes (sgquares, circles, triangles, rectangles,
hexagons, cubes, cones, cylinders, and spheres).

1. Dwescribe objects in the environment using names of shapes, and
describe lhe relalive posilions ol lhese objecls using terms such as
above, below, beside, in fronf of, behind, and nexf lo.

7 Caorractly name shapes regardlass of thair arientations or overall size.

1 Ildentify shapas as two-dimeanslonal (lying In a plane, “llat™) or three-
dimensional ("solid”).

Analyze, compare, create, and compose shapes.

4. Analyze and compare two- and three-dimensional shapas, In
differant sizes and orlentations, using Informal lanquage lo describe
lheir similarilies, dillerences, parls (e.9., number ol sides and
vorticos comers™) and other attributes (e.q9., having sldes of equal
lenglh}.

Model shapes in the world by building shapes from components (2.g.,
sticks and clay balls) and drawing shapas.

&

i Compose simple shapes to form larger shapes. For example, "Can you
join these two nangles with full sides touching fo make a reclangle®”

*Limit category counts to be less than or equal to 10.

| vapebapury
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Mathematics | Grade 1

In Grade 1, instructional time should focus on four critical areas: (1)
developing understanding of addition, subtraction, and strategies for
addition and subtraction within 20; (2) developing understanding of whole
number relationships and place value, including grouping in tens and
ones; (3) developing understanding of linear measuremeant and measuring
lengths as iterating length units; and (4) reasoning about attributes of, and
composing and decomposing geometric shapes.

(1) Students develop stralegies lor adding and subtracting whole numbers
hased on thair prior work with small numbers. They use a variely ol models,
including discrete objects and length-based models {a.q., cubas connacted
Lo lorm lengths), 1o model add-lo, lake-Trom, pul-logether, take-apart, and
compare situations to develop meaning for the operalions of addition and
subtraction, and to devealop strategles to solve arithmetlc problams with
these operations. Students understand connections betweon counting

and addition and sublraclion {e.g., adding lwo is lhe same as counling on
twor). They usa propartlas of addition to add whaole numbears and to create
and use increasingly sophisticated strategics based on these properties
(e.g., "making lens") o solve addition and subtraction problems wilhin

20. By comparing a varlety of solution strateqies, childran build thelr
undarstanding of the relationship batween addition and subtraction.

{2} Students develop, discuss, and use afflclent, accurate, and gencralizable
melhods o add within 100 and sublracl mulliples of 10. They compares
whole numbers (al leasl o 100) lo develop understanding of and solve
problems invalving thelr relative sizes. They think of whole numbears
betweon 10 and 100 in terms of tens and ones (especially recognizing the
numbers 11 o 19 as composed ol a len and some cnes). Through aclivilies
that build numbear sansa, thay understand the order of the counting
numbars and thelr relative magnitudeas.

{3) Students develop an understanding of the meaning and processes ol
measurement, including underlying concepls such as lterating (the meantal
activity of bullding up tha length of an abjact with equal-sized units) and
the transitivity principle for indirect measurcment.’

(4) Sludents compose and decompose plane o solid figuras (e.q., put

two trlangles together to make a quadrilateral) and build understanding

ol parl-whole relationships as well as the properlies of the ariginal and
compasite shapes. As they combine shapeas, they recognize them hrom
different porspectives and orientations, describe their geometric attributas,
and determing how thay are alike and difterent, o develop the background
for measurement and for initial understandings of proparties such as
congruence and symmelry.

Students should apply the principle of transitivity of measurement to make indirect
comparisons, but they need not use this technical term.
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Grade 1 Overview
Operations and Algebraic Thinking

+ Represent and solve problems
invalving addition and subtraction.

* Understand and apply properties of operations
and the relationship between addition and
subtraction.

« Add and subtract within 20.

* Woark with addition and subtraction equations.

Mumber and Operations in Base Ten
* Extend the counting sequence.
+* Understand place value.

* Use place value understanding and properties
of operations to add and subtract.

Measurement and Data

s MMeasure lengths indirectly and by iterating
lengthunits.

* Tell and write time.

* Represent and interpret data.

Geometry

* Reason with shapes and their attributes.

Mathematical Practices

1. Make sense of problems and persevere in
solving them.

2 Reason abstractly and quantitativaly.

3. Construct viable arguments and critique
the reasoning of others.

4. Model with mathematics.

5 Use appropriate tools strategically.
6. Attendtoprecision.

1. Lock for and make use of structura.

8 Look for and express regularity in repeated
reasoning.
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Operations and Algebraic Thinking 1.04

Represent and solve problems involving addition and subtraction.

1 Usa addition and subtraction within 20 to saolve word problems involving
silualions ol adding Lo, laking rom, pulling logelher, taking apart,
and comparing, with unknowns in all positions, e.g., by using objecls,
drawings, and aquations with a symbal for the unknown number to
represent the problem.?

2 Solve word problems that call for addition of three whole numbers
whaosa sum is lass than or aqual to 20, a.q., by using objects, drawings,
and equations with a symbal for the unknown numbear to reprasant tha
problam.

Understand and apply properties of operations and the relationship
between addition and subtraction.

3 Apply properties of operations as strategies to add and sublract * Fxaomples:
IFa+3=11isknown, then 3 + 8 = 11 iz alea known. [Cammulalive properly of
addifion,) Toodd 2 +6 + 4, the second two numbers can be added to make
atenso2+6+4=2+10= 12 (Associafive property of addition.)

4. Understand sublraction as an unknown-addend problem. For example,
subfract 10 - & by finding the number that makes 10 when added fo 8.

Add and subtract within 20.

5  Ralate counting to addition and subtraction (a.q., by counting on 2 to
add 2).

i Add and subtract within 20, demonstrating fluency for addition and
sublraction wilhin 10, Wse slralegies such as counling on, making len
(g, 8+6G=8+2+4 =10+ 4 = 14); decomposing a number leading to
glenieg., 13—4w13 -3 - 1= 10— 1= 9% using lhe relationship batavasn
addition and subtraction (c.g., knowing that 8 + 4 = 12, one knows 12 - 8
= 4); and creating equivalant but easler or known sums (e.g., adding 6 +
{ by crealing lhe known equivalent 6 + 6 + 1= 12 + 1= 13)

Work with addition and subtraction equations.

1. Understand the meaning of the equal sign, and determine if equations
Involving addition and subtraction are true ar false. For example, which

of the following eqgualions are frue and which arelalefé =6,/ =8-1,
SH+L2=2+5 4+ 1=5+2,

£ Delerming the unknown whole number in an addilion or subiraction
equation relating three whole numbers. For cxample, delermine lhe
unknown numberthat makes the equation frue in eachof the equations 8 +
B=iLS=®-36+6=-9

Number and Operations in Base Ten 1.NBT

Extend the counting sequence.

1 Count to 200, starting at any numbear lass than 200. In this range, read

and wrile numerals and represent a number of objects with a written
numeral.

2 Counts backwards.

Understand place value.

1 Undersland thal the wo digils of a lwo-digil number represent amounts
aof tens and ones. Understand the following as speclal casas:

4. 10 can be thought of as a bundla of tan onas — called a “ten.”

The numbers frem 11 o 12 are composed ol a len and ong, lwo,
three, Tour, live, six, seven, gighl, or nine ones.

C. The numbers 10, 20, 30, 40, 50, 60, 70, 80, 90 rafar to ona, two,
thres, four, flve, six, seven, alght, or nine tans {(and 0 onas).

d. Relate money to number unit.

25ea Glossary, Table 1
ABludents necd nol use formal lerms lor these properrlies,
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4 Compare lwo vo-digil numbers based on meanings of the fans and onas
digits, recording the results of comparisons with the symbols =, =, and =<,

5  Order Mumearals.

Use place value understanding and properties of operations to add
and subtract.

fi  Add within 100, Including adding a two-digit number and a one-digit
numbeer, and adding a two digit numboer and a multiple of 10, using concrate
mcxdals or drawings and sirategies hasad on place value, properties ol
operglions, and’'or the relalionship between addilion and subtraction;
rzlate the strategy to a written mothod and cxplain tha reasoning usad.
Lindarstand that in adding tvo-dight numbears, ona adds lens and lens, ones
and ones; and somelimes il is necessary lo compose a ten.

I, Given a lwo-digil number, mentally lind 10 more or 10 less than the
number, without having to count; explain the reasoning used.

i Subtract multiples of 10 In the ranga 10-80 from mulliples of 10 in lhe
range 10-90 (posilive or zere dillerences), using concrele models or
drawings and strategies based on place value, properties of operations,
and/or the relationship betweon addition and subtraction; relate the
strategy to a written method and explain the reasoning usad.

Measurement and Data 1.MD

Measure lengths indirectly and by iterating length units.

1. Order three objecls by lenglh; compare the lenglhs of bwo objecls
indirectly by using a third objoct.

2  Express lhe lenglh ol an object as a whole number of langth units, by
laying multiple coples of a shorter abjact (the length unit) end to end;
understand thal the length measurement ol an object is the numbear
ol same-size length unils thal span il wilh no gaps or overlaps. Limif to
conlexls where [he objecl being measwed is spanned by o whole nvmiber of
length unifs with no gaps or ovenlaps.

Tell and write time.

3 Tell and wrile lime in hours and hall-hours using analog and digital
clocks.

Represent and interpret data.

4. Organize, represent, and interpret data with up to three calegories; ask
and answear quastions about the total numbear of data points, how many
in each calegory, and how many more or less are in one category than In
another.

Geometry 1.6

Reason with shapes and their attributes.

1. Distinguish betweoon defining attributes {e.q., triangles ara closad and
three-sidad) varsus non-defining attributes (e.q., color, orientation,
overdll size); build and draw shapes o possess delining attributes.

2 Compose lwo-dimensional shapes (reclangles, squares, trapezoids,
triangles, half-circles, and quarter-circles) or three-dimansional shapes
(cubeas, right rectangular prisms, right circular cones, and righl circularn
cylinders) o creale a composile shape, and compose now shapes from
the composite shape.

3 Partition circles and rectangles Into two and four aequal shares, describe
the shares using the words halves, fourths, and guorfers, and use the

phrases hall of, fourth of, and guarter of. Describe the whole as two of,
or four of the shares. Understand for these examples that dacompasing
into more equal shares creates smaller shares.

*Students do not need to lear formal names such as “right rectangular prism.”
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Mathematics | Grade 2

In Grade 2, instructional time should focus on four critical areasz: (1)
extending understanding of base-ten notation; (2) building flueney with
addition and subtraction; (3) using standard units of measure; and (4)

descrbing and analyzing shapes.

(1) Studenls extend their underslanding ol lhe base-ton systom. This
Includes ideas of counting In flves, tens, and multiples ol hundreds, lens,
and ones, as wall as number relationships involving thasa units, Including
comparing. Students understand multi-diglt numbers (up to 1000} writlen
in base-ten notation, recognizing that the digits in each place reprasant
amounts ol thousands, hundreds, lens, or ones (e.g.. 8531s 8 hundreds + 5
tens + 3 onas).

{2} Sludenls use their understanding ol addition o develop luency wilh
addition and subtraction within 100. Thay solve problems within 1000

by applying their understanding of models for addition and subtraction,
and they develop, discuss, and use ellicient, accurale, and generalizable
meathods to compute sums and differanceas of whola numbears in basea-ten
notation, using their understanding of place value and the propertics of
operalions. They selecl and accuralely apply methods thal are appropriale
for the contaxt and the numbears invalved to meantally calculate sums and
differancas for numbears with anly tans ar anly hundreds.

{3) Students recognize the need for standard units of measure (cenlimeler
and inch) and they use rulers and olher measuremant tools with the
undearstanding that linear measure Involves an lteration of units. They
recognize that the smaller the unit, the more iterations they need to cover a
given length.

(4) Sludenls describe and analyze shapes by examining their sides and
angles. Sludenls invesligale, describe, and reason ahout decomposing
and comhbining shapas to make other shapes. Through building, drawing,
and analyzing two- and three-dimensional shapes, sludenls develop a
loundalion for understanding area, volume, congruence, similarity, and
symmeatry In later gradas.
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Grade 2 Overview

Operations and Algebraic Thinking

* Represent and solve problems involving
addition and subtraction.

+ Add and subtract within 20.

+  ‘Work with equal groups of objects to gain
foundations for multiplication.

Mumber and Operations in Base Ten
+  Understand place value.

+  Use place value understanding and

properties of operations to add and subtract.

Measurement and Data

= Measure and estimate lengths In standard
units.

* HRelate addition and subtraction to length.
. Wark with time and money.

*  Represent and interpret data.

Geometry

*  Reason with shapes and their attributes.

Mathematical Practices

1.  Make sense of problems and persevere in
solving them.

2. Reason abstractly and quantitatively.

3. Construct viable arguments and critique
the rea=zoning of others.

4. Model with mathematics.

5 Use appropriate tools strategically.
6. Attendtoprecision.

1. Lock for and make use of structura.

8 Look for and express regularity in repeated
reasoning.
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Operations and Algebraic Thinking 2.0A

Represent and solve problems involving addition and subtraction.

1 Usa addition and subtraction within 100 to solve ane- and two-stop
word problems involving situations of adding to, taking hrom, pulling
together, taking apart, and comparing, with unknowrns in all posilions,
e.4., by using drawings and equalions wilh a symbal for the unknown
number lo represent the problem,”?

Add and subtract within 20.

2 Fluenlly add amnd sublract within 20 using menlal strategies.? By end of
Grade 2, know from momory all sums of two one-digit numbars.

Work with equal groups of objects to gain foundations for
multiplication.

1 Delernmine whelher a group of objects (up lo 20) has an odd or even
number of members, .., by pairing objects or counting tham by 2s;
wrile an equalion lo express an even number as a sum of wo equal
addonds.

4. Use addition to find the total number of objects arranged in
recltangular arrays wilh up 1o 5 rows and up o 5 columns; wrile an
cquation to express the total as a sum of equal addends.

Mumber and Operations in Base Ten 2.NBT

Understand place value.

1.  Understand that the three digits of a threce-digit number represenl
amaounts of hundrads, tens, and onas; a.q., 706 aquals 7 hundreds, O
lens, and 6 ones. Understand the lollowing as special caseas:

4. 100 can be thought of as a bundla of tan tens -— called a
“hundred.”

b. The numbers 100, 200, 300, 400, 500, GO0, 700, 200, 900 refor to
one, two, three, four, five, six, seven, eight, or ning hundreds (and 0
lens and U ones).

7 Count within 1000; skip-count by 55, 105, and 100s.

1  Raad and write numbears to 1000 using basa-ten numerals, number
names, and expanded lonmm.

4. Compare two three-digit numbers based on meanings of the hundreds,
tans, and anas digits, using >, =, and < symbaols to record the results of
COMparnsons.

Use place value understanding and properties of operations to add
and subtract.

5 Fluently add and subtract within 100 using strategias hasad on place
valua, propartles of operations, and/or thae relationship belween
addilion and sublraction.

6. Add up to four teo-digit numbers using strategics hased on place
value and propertics of operations.

1. Add and subtract within 1000, using concrete modals or drawings
and strateqgles hasad on place value, proparties of operations, and/'or
the relationship betweon addition and subtraction; relate the sirateqy
to a written method. Understand that in adding or sublracling lhree-
digit numbers, one adds or subtracts hundreds and hundreds, tens
and tans, onas and onas; and someatimas It Is necassary o compasa or
decompose lens or hundreds.

& Menlally add 10 or 100 (o a given number 100-9200, and mentally
subtract 10 or 100 from a given number 100-900.

4 Explain why addifion and subtraction strateqies wark, using place valua
and the properlies ol operalions.”

Seo Glossary, Table 1.
“See slandard 1.0A.8 lor a lisl of mental strategies.
JExplanations may be supported by drawings or objects.
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Measurement and Data 2.MD

Measure and estimate lengths in standard units.

1 Measura tha langth of an object by salacting and using appropriate
lools such as mulers, yardslicks, meler slicks, and meaasuring tapes.

2 Measure the length of an object twice, using length unils ol
diffarant langths for the two maasurameants; dascribe how the two
measurements relate to the size of the unit choson.

1 Estimate lengths using units of inches, foet, contimatars, and matars.

{1  Measura to determina how much longer ana ablaecl is than another,
expressing lhe length dillerence in terms ol a slendard length unit.

Relate addition and subtraction to length.

5 Use addilion and sublraction within 100 o solve word problems
involving lengths that are given in the same units, ¢.9., by using
drawings (such as drawings of rulers) and equatlons wilh a symbaol lor
tha unknown numbear to reprasant the problam.

i Reprasent whole numbears as langths from 0 on a numbear line dlagram
wilh equally spaced poinls cormesponding o the numbers 0, 1, 2, ..., and
represcent whole-number sums and differences within 100 on a number
lina dlagram.

Work with time and money.

1. Tall and write time from analog and digital clocks to the nearest five
minutes, using a.m. and p.m.

8 Solve word problems involving dollar bills, quarlers, dimes, nickels, and
pnnics, using £ and ¢ symbols appropriately. Example; If you have 2
dimesand 3 pennies, how many cenfs do yvou have?

Represent and interpret data.

9 Genorate measurement data by measuring lengths of several objects
to the naarast whola unit, or by making repeated measuremeaents of tha
same objecl. Show lhe measurements by making a line plol, where lhe
horizontal scale is marked off in whole-number units.

10. Dwaw a piclure graph and a bar graph (wilh single-unit scala) to
reproscnt a data set with up to four categories. Solve simple pul-
togathear, take-apart, and compara problams? using information
presented in a bar graph.

Geometry 26

Reason with shapes and their attributes.

1 Recognira and draw shapes having spacifled attributes, such as a given
number of angles or a given number of equal faces.® Idantify trianglas,
quadrilataerals, pentagons, haxagons, and cubas.

2 Partition a rectangle Into rows and columns of same-size squares and
count o lind the lotal number ol them.

1 Parlilion circles and reclangles into bwo, three, or lour equal shares,
describe the shares using the words halves, Thirds, half of, o third of,
ete.. and describe the whole as two halves, three thirds, four fourths.
Hecognize thal equal shares ol idenlical wholes necd not have the
sameshape.

‘See Clossary, Table 1.
#Sizes are comparncd directly or visually, not compared by measuring.
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Mathematics | Grade 3

In Grade 3, instructional time should focus on four critical areas: (1)
developing understanding of multiplication and division and strategies
for multiplication and division within 100; (2) developing understanding
of fractions, especially unit fractions (fractions with numerator 1); (3)
devaloping understanding of the structure of rectangular arays and of
area; and (4) describing and analyzing two-dimensional shapes.

(1) Students develop an understanding ol the meanings of multiplication
and division of whole numbers through activities and problams invalving
equal-sized groups, amays, and area models; mulliplication is finding

an unknawn product, and divislon s finding an unknown factor in these
situations. For equal-sized group situations, division can require finding
the unknown number of groups or the unknown group size. Students use
properlies ol operalions o calculale products ol whole numbers, using
increasingly sophisticated sirategies basad on thesa proparties to solve
multiplication and division problems involving single-digit factors. By
comparing a variely ol solution strategies, sludenls learn the relalionship
batwean multiplicatlon and division.

(2} Students develop an understanding of fractions, beginning with

unit fractions. Studants view fractions in genaral as being built out of
unit fractions, and they usc fractions along with visual raclion models

lo represent parls ol a whole, Sludenls undersland that the size of a
fractional part is relative to the size of the whola. For example, 1/2 of the
paint in a small bucket could be less paint than 1/3 of the paint in a larger
buckel, bul 173 ol a ribbon is longer than 1/2 of the same ribbon because
when the ribbon s divided Into 3 equal parts, the parts are longer than
when the ribbon is divided into 5 equal parts. Students are able to use
fractions o represent numbers equal to, less than, and grealer than one,
They solve problems thal involve comparing fraclions by using visual
fraction madels and sirategles basad on noficing equal numerators or
denominators.

{3) Students recognize arca as an attribute of two-dimensional regions.
Ihey measure the area ol a shape by linding the lotal number of same-
siza units of area requirad to cover the shape without gaps or overdaps,

a square with sides of unit length being the standard unil for measuring
arca. Students understand that rectangular arrays can ba dacomposead inta
idenlical rows or inle identical columns. By decomposing rectangles into
ractangular arrays of squaras, students conneact area lo mulliplication, and
justify using multiplication to determine the arca of a rectangle.

{4) Students describe, analyze, and compara properties of bwo-
dimensional shapes. They compare and classify shapas by thaelr sides and
angles, and connecl these wilh delinitions ol shapes. Students also relate
their fraction work to geometry by expressing the area ol parl ol a shape
as a unit fraction af the whaole.
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Grade 3 Overview
Cperations and Algebraic Thinking

* Represent and solve problems
involving multiplication and division.

* Understand properties of multiplication and
the relationship between multiplication and
division.

* Multiply and divide within 100.

+ Solve problems involving the four operations,
and identify and explain patterns in arithmetic.

Mumber and Operations in Base Ten

* Use place value understanding and properties
of operations to perform multi-digit arithmetic.

Mumber and Operations—Fractions

* Develop understanding of fractions as numbers.

Measurement and Data

+ Solve problems involving measurement and
estimation of intervals of time, liquid volumes,
and masses of objects.

* Represent and interpret data.

* Geometric measurement: understand concepts

of area and relate area to multiplication and to

addition.

* Geometric measurement: recognize perimeter
as an attribute of plane figures and distinguish
between linear and area measures.

Geometry

* Reason with shapes and their attributes.

Mathematical Practices

1.  Make sense of problems and persevere in
solving them.

2 Reason abstractly and quantitatively.

3. Construct viable arguments and critique
the rea=zoning of others.

4. Model with mathematics.

5 Use appropriate tools strategically.
6. Attendtoprecision.

1. Lock for and make use of structura.

8 Look for and express regularity in repeated
reasoning.
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Operations and Algebraic Thinking 3.0A

Represent and solve problems involving multiplication and division.

Interpral products of whaole numbars, e.q., Interpret 5 = 7 as the total
number ol objects in & groups of ¥ objecls each. For example, describe
a contextin which o tolal number of objects can be expressed as 5 = 7,

Interprat whole-numbar quotients of whola numbears, c.g., interpret
56 + B as the number of objects in cach share whon 56 abjects ara
parlitioned equally into 8 shares, or as a number of shares when

56 objecls are parlitioned inlo egqual shares ol 8 objects cach, For
exumple, describe o corlext in wiich o number of shares or o number of
groups can be expressed s 56 = 8.

Use multiplication and division within 100 to solve word problams in
situations Involving equal groups, arays, and measurement quanlilies,
e.9., by using drawings and equations wilh a symbal for the unknown
number to represent the problem.?

Delermine the unknown whole number in a multiplication or division
equation relating three whole numbers. For exomple, determine the
unknown number that makes the equation fruein each of the equations B

xB=48 5= +3 6%6-2

Count omally by &,7,8.9 starling al zero, making conneclions between repealed
addifion and mulfiplication.

Understand properties of multiplication and the relationship
between multiplication and division.

(1]

&

Apply propertics of operations as strategies to multiply and  divide.”
Exampdes: If & = 4 = 24 is known, then 4 = & = 24 s also known.
[Commulalive properiy ol mullipicalion.) 3 =5 s2canbefound by 3
wh= 15 then 15%2 =30, orby 5 =2 =10, then 3 = 10 = 30. [Associafive
property of mullipication.) Knowing that 8 =5 =40 and 8 = 2 = 14, ane
canfind8 =/ as8x{5+2)={8 =53] +[8 =2 =40+ |6 = 54, [Disinbulive
property.]

Understand division as an unknown-factor problam. For example, find
32 = 8 by finding the number thaf makes 32 when mullipled by 8.

Add odd and even numbers.

Multiply and divide within 100.

4

Fluenlly mulliply and divide wilhin 100, using slralegies such as the
relationship between multiplication and division (2.g., knowing thal & =
5= 40, ana knows 40 + 5 = 8) or proparties of oparations. By the end
ol Grade 3, know lrom memory all products ol two one-dight numbers.

Solve problems involving the four operations, and identify and
explain patterns in arithmetic.

10, Solve teo-step word problems using the four operations. Reprasant

1.

thesa problems using equations with a latter standing lor Llhe
unknown quantity. Assaess the reasonablaness of answers using menlal
compulation and eslimalion stralegies including rounding.?

Identify arithmetic pattems (including pattermns in the addition table aor
mulliplication lable), and explain lhem using propertics of oporations.
For example, observe thal 4 fimes o number is alwoys even, and cxplain
why 4 fimesanumbercan be decomposedinta iwo equaladdends.

See Glossary, Table 2.

IStudents neced not use formal terms for these propertics.

*This standard Is limited to problems posed with whole numbers and having whola-
number answers, students should know how to perform operalions in the conven-
tionnal order when thara are no paranthesas to spacify a particular order (Order of
Operalions).
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Number and Operations in Base Ten 3.NBT

Use place value understanding and properties of operations to
perform multi-digit arithmetic.*

. Use ploce value undersianding lo round whole numbers to the nearest
10 or 100,

2. Fluently add and subtract within 1000 using strategics and algorithms
based on place value, propedics of operations, and/or the relationzhip
ateean addition and subtraction.

i Mulliply one-digil whole numbers by mulliples of 10in the range 10
90 [c.g., ¥ = 80, 5 = 40) using strategies based on place value and
propartios of operations.

MNumber and Operations—Fractions® 3.NF

Develop understanding of fractions as numbers.

I.  Undersliond o frachion 1/b as the quantily foormed by 1 part when a
whaole i paritioned into b equal parts; understand a fraction of/b as
ihe quantilty formed by o parls of size 1/b.

% Undersland a machon as o number on the number line; represent
fractions on a number line diagram.

a. Represent a fraction 1/ on a number line dicagram by defining the
intarval from 0 to 1 as the whole and partitioning it into b equal
parts. Recognize that each part has size 1/b and that the endpoint
of the part based at 0 lbcates the number 1/b an the number line.

b. Reprezent a fraction a/b on a number line diagram by marking off
a lengths 1/b from 0. Recognize that the resulling interval has size
afbk and that itz endpaint locates the number afb on the number
[ire.

1  FExplaoin equivalence of fractions in special coses, and compare
fractions by reasoning aboul therr size.

4. Understand two fractions as equivalent [equal) if they are the
sama size, of the same point on a numbaer line.

b. Recognize and genarate simple equivalant fractions, eqg., 1/2 =
214, 4/& = 23, explain why the fraclions are equivalent, e.q., by
using a visual fraction madel.

. Express whaole numbers as fractions, and recognize fractions that
are equivalen! o whole numbers. Exarmples; Express 3 in the farm
3 =3/ recognize that &1 = &; locafe 4/4 and 1 of the same point
of o number line dicgram.

d. Compare two fractions with the same numerator or the same
denominator by recsoning about their size. Recognize that
comparsons are valid only when lhe two lraclions refer to the
same whole. Record the results of comparisons with the symbols
=, =, or <, and juslify the conclusions, e.g., by using a visual
fraction model.

Measurement and Data 3.MD

Solve problems Involving measurement and estimation of intervals
of time, liguid volumes, and masses of objects.

1. Tel and write fime to the nearest minute and measure time infervals
in minutes, Solve word problems involving addition and sublrachon
of time intervals in minutes, e.q., by representing the problem on a
number line diagram.

44 range of algonthms may be used.

*rade 3 expectalions in ths domain are imited to frachons with denominalos 2, 3,
4, 4 and 8.
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2  Meaasura and astimata llquld volumes and masseas of objects using
standard units of grams (g). Kilograms (kg), and liters (1).® Add,
subtract, multiply, or divida to solve one-step waord problems involving
masses or volumes thal are given in the same unils, a.q., by using
drawings (such as a beaker with a moasurement scale) lo represent
the problem.”

Represent and interpret data.

3. Draw a scaled picture graph and a scaled bar graph to represant a
dala sel with several calegoies. Solve one- wond two-stop “how many
more” and “how many less” problems using information prasentad In
scaled bar graphs. Forexample, draw a bargraphinwhich each squarein
the bar groph might represent 5 pefs.

4 Ganerate maasurament data by measuring lengths using rulers marked
wilh halves and lourths ol an inch. Show the dala by making a line
plot, where the horizontal scale is marked off in appropriate units—
whole numbars, halves, or quartars.

Ceometric measurement: understand concepts of area and relate
area to multiplication and to addition.

5 Hecognize area as an allribule of plane ligures and understand
concepts of area measurement.

d. A square wilth side length 1 unil, called "a unil square,” is said lo
have “one square unit” of area, and can be used 0 Measure area.

b. A plane ligure which can be covered wilhoul gaps or overlaps by
n unit squares is said o have an area ol N sguare unils.

6 Measure areas by counting unit squares (squara cm, squanrs m, squarc
in, square I, and improvised unils).

7. Relate arca to the operations of multiplication and addition.

d. Find the area ol a reclangle wilth whole-number side lenglhs by
tiling it, and show that the araa Is the same as would be found by
multiplyving the side lengths.

b. Multiply side lengths to find arcas of rectangles with whole
number side lengths In the context of solving real world and
mathematlcal problams, and raprasant whaola-number products as
rectangular areas in mathemalical reasoning.

. LUse tling to show In a concrate case that the area of a rectangle
with whola-numbar side lengths a and b + ¢ Is the sum of
a = b and g = ¢, Use area models o represent the distributive
property in mathematical reasoning.

d. Recognize arca as additive. Find arcas of rectilinear ligures by
decompasing them into non-overlapping rectangles and adding
the arcas of the non-overlapping parts, applying this lechnigue o
solve real world problems.

€. Estimale the perimeler ol a square and reclangle in inches and
cantimatars.

Geometric measurement: recognize perimeter as an attribute of
plane figures and distinguish between linear and area measures,

8. Solve real world and mathematical problems involving perimeatars
aof polygons, including finding the perimeter ghven the side lenglhs,
linding an unknown side length, and exhibiling rectangles with the
samea parimater and differant araas or with tha samea area and diffarent
perimelers.

*Excludes compound unlts such as em? and finding the geomeatric volume of a
conlainer.

TExcludes multiplicative comparison problems {problems involving notions of
“timas as much”; sea Glossary, Table 2).

| £2pelg

Se



Geometry 3.6

Reason with shapes and their attributes.

1

LiIndarstand that shapas In differant categories (a.q., rhombuses,
reclangles, and olhers) may share allribules (e.q., having four sides),
and that the shared attributes can define a largoer calegory (e.g..
quadrilaterals). Recoqniza rhombusas, rectangles, and squarcs as
examples ol quadrilatlerals, and draw examples ol quadrlatarals that
do not balong to any of these subcateqorias.

Parlition shapes inlo parls wilh equal areas. Express the arca of cach
part as a unit fraction of the whole. For exaomple, partifion a shape info 4
partswith equolarea, ond describe the area of each porl s | [ of the area
oftheshape.

Infroduce parallel and perpendicular nes.
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Mathematics | Grade 4

In Grade 4, instructional time should focus on three critical areas: (1)
developing understanding and fluency with muiti-digit multiplication,
and develaping understanding of dividing to find quotients involving
multi-digit dividends; (2) developing an understanding of fraction
equivalence, addition and subtraction of fractions with like denominators,
and multiplication of fractions by whole numbers; (3) understanding

that geometric figures can be analyzed and classified based on their
propearties, such as having parallel sides, perpendicular sides, particular
angle measures, and symmetry.

(1) Studenls generalize their understanding of place value to 1,000,000,
undarstanding the relative sizes of numbers in each place. They apply their
understanding of models lor mulliplication (equal-sized groups, amays,
area modeals), place value, and properties of operations, In particular the
distributive property, as they develop, discuss, and use efficient, accurate:,
and generalizable methods 1o compule products of mulli-digil whole
numbears. Dapanding on the numbears and tha context, they select and
accurately apply appropriate methods to estimate or mentally calculate
products. They develop lluency wilh efllicient procedures Tor mulliplying
whale numbears; understand and axplain why the proceduras waork basad on
place valua and properties of oparations; and use them to solve problems.
Students apply thair understanding of models for division, place value,
properlies ol operalions, and the relalionship of division to multiplication
as thay develop, discuss, and usa afficlent, accurate, and generalizable
procaduras to find quatlents Invalving multi-diglit dividends. They salact
and accurately apply appropriate methods to estimate and mentalby
calculate quolients, and interprel remainders based upon the conlexl.

(2) Studenis develop understanding of fraction equivalence and
oparations with fractions. They recoqniza that two difforent fractions can
b equal (2.g9., 139 = 5/3), and they devclop methods lor generaling and
recognizing equivalent fractions. Sludents extend previous understandings
about hovw fractions are bullt from unit fractions, composing fractions
from unit fractions, decomposing fractions into unit raclions, and using
lhe meaning of fraclions and the meaning of mulliplication to multiply a
fraction by a whole numbaer.

{3) Sludents describe, analyze, compare, and classify two-dimensional
shapas. Through building, drawing, and analyzing two-dimensional shapes,
students deepen their understanding of propertics of tvo-dimansional
objects and the use of them lo solve problems involving symmetry.
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Grade 4 overview

Operations and Algebraic Thinking

s Lse the four operations with whole numbers to
solve problems.

= Gain familiarity with factors and multiples.

* Generate and analyze patterns.

Number and Operations in Base Ten

+ Generalize place value understanding for multi-
digit whole numbers.

s Use place value understanding and properties of
operations to perform multi-digit arithmetic.

Mumber and Operations—Fractions

* Extend understanding of fraction eguivalence
and ordering.

* Build fractions from unit fractions by applying
and extending previous understandings of
operations onwhaole numbers.

+* Understand decimal notation for fractions, and
compare decimal fractions.

Measurement and Data

* Splve problems involving measurement and
conversion of measurements from a larger unit to
a smaller unit.

« Represent and interpret data.

* Geometric measurement: understand concepts of
angle and measure angles.

Geometry

* Draw and identify lines and angles, and classify
shapes by properties of their lines and angles.

Mathematical Practices

L

Make sense of problems and persavere in
solving them.

Reason abstractly and quantitatively.

Construct viable arguments and critique
the reasoning of others.

Model with mathematics.

Use appropriate tools strategically.
Attend to precision.

Lock for and make use of structura.

Lock for and express reqularity in repeated
reasoning.
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Operations and Algebraic Thinking 4.04,

Use the four operations with whole numbers to solve problems.

Interprat a multiplication equation as a comparison, c.g., interpret 35
= 5 = { gs & slalement thal 35 is 5 limes as many as 7 and 7 timas as
many as 5. Represent verbal statements of multiplicalive comparisons
as multiplication equations.

Multiply or divide to solve word problems invalving multiplicative
comparison, a.q., by using drawings and equations wilh a symbol
I the unknown number o represent the problem, distinguishing
multiplicative comparison from additive comparison.®

Solve multistep word problems posed with whole numbers and having
whaole-number answars using the four operations, including problams
in which remainders must be interpreted. Reprasant lhese problems
using equations with a letter standing for the unknown quantity.
Assass the reasonablenass of answars using mental compulation and
eslimalion stralegies including rounding.

Gain familiarity with factors and multiples.

1

Find all factor pairs for a whole number In the range 1=100. Recognize
thal a whole number is a mulliple ol each ol ils laclors. Delernmine
whether a given whole number in the range 1-100 is a multiple of a
agiven ona-diglt numbear. Datarmine wheathar a given whole numbear in
lhe range 1=100 s prime or composile.

Generate and analyze patterns.

&

Genarate a number or shapa pattern that follows a given rule. Identify
gpparenl lealures of lhe pallem lhal were nol expliclt in the rule lisealf.
Forexample, given the rule “Add 3" and the starfing number 1, generale
terms in the resulfing sequence and observe thaf the femms oppear to
allermnale belween odd and even numbers, Explaininformally why the
numbers will confinue fo alfemate in this way.

Mumber and Operations in Base Ten? 4.MNBT

Ceneralize place value understanding for multi-digit whole numbers.

Recognize that in a multi-digit whole number, a digil in one place
raprasaents ten timas what It rapresants in tha place to its right. For
exarmpe, recognize thal 700 + 70 = 10 by opplying concepts of ploce value
and division.

Read and write multi-digit whole numbears using base-ten numerals,
number names, and expanded fonm. Compare two multi-diglt numbears
basod on meanings of the digits in cach place, using =, =, and <
symbols to racord the results of comparisons.

Use place value understanding o round mulli-digil whola numbears to
any place.

Use place value understanding and properties of operations to
perform multi-digit arithmetic.

L)

Fluently add and subtract multi-digit whole numbers using the
standard algorithm.

Mulliply a whole number of up 1o four digils by a one-digit whole
number, and multiply two two-digit numbers, using sirateqles basad
on placa value and the proparties of operations. lllustrale and explain
the calculation by using equations, rectangular amrays, and/or arca
modals.

Sen Glossary, Table 2
“Erade 4 expeclations in this domain are limiled o whole numbers less than o
cqual to 1,000,000,
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i Find whole-number guolienls and remainders wilh up to four-digit
dividends and one-digit divisors, using strategics based on place
valuse, tha propartles of oparatlons, and/or tha relationship betwoon
mulliplication and division. lllustrate and explain the calculation by
using cquations, rectangular ammays, and/or area mode|s.

Number and Operations—Fractions? 4.MNF

Extend understanding of fraction equivalence and ordering.

i Explain why a fraclion a/bz Is aquivalant to a fractlon (n = a)in = b)
by using visual fraction models, wilh atlention o how the number and
size of the parts differ even though the two fractions Thaemsalves are
the samea size. Lisa this principle to recognize and generale equivalent
Iractions.

2 Compare lwo fractions wilh differentl numerators and different
danominators, a.q., by creating commaon denominalors or numeralors,
or by comparing to a benchmark fraction such as 1/2. Recognize that
comparlsons are valld only whan the teo fractions refer to the same
whole, Record the resulls ol comparnsons wilh symbols =, = or <, and
justify the conclusions, ¢.g., by using a visual fraction model.

Build fractions from unit fractions by applying and extending
previous understandings of operations on whole numbers.

3 Understand a fraction afb with o > 1 as a sum of fractions 1/b.

4. Understand addilion and sublraction ol raclions as joining and
separating parts referring to the same whole.

b. Decompose a lraclion inle a sum of raclions with the
same denominalor in more than one way, recording each
decomposition by an equation. Justify decomposilions, e.g.. by
using a visual fraction model. Fxamples: 3/8=1/8+ 1j8 + 1f8;
fs=1fe+2fB;21/8=1+1+1/e=8fg+8/8+ /8

. Add and subtract mixed numbears with llke denominators, e.q., by
replacing cach mixed number with an equivalent fraction, and/or
by using properlies ol operalions and the relationship belween
addition and subfraction.

d. Solve word problems Involving addition and subtraction
of fractions referring to the same whole and having like
denominators, &.q., by using visual fraction models and equations
o represent the problem.

4. Apply and extend provious understandings of mulliplicalion o
multiply a fraction by a whola numbear.

3. Understand a fraction a/b as a multiple of 1/b. For exarmple, use
avisuvalfractionmodelforepresent 504 as the praduct s =1 /4),
recording the conclusion by the equalion 5/4=5=(1/4).

b. Understand a multiple of a/b as a multiple of /b, and use lhis
understanding to multiply a fraction by a whola number. For
example, use avisual fracticn model fo express 3 = (2/5) asé = (1/5),
recognizng this product asé/s. (ingeneral, n = {afbl = (nxa)fb.)

. Solve word problems involving multiplication of a fraclion by a
whola number, a.q., by using visual fractlon moedels and equalions
lo represent the problem. For example, if each person at a party will
catfgofapoundofroast beef, andtherewillbe 5 people afthe
party, how many pounds of roos! beel will be needed? Befween who!
two whole numbers does your answer ic @

*Grade 4 expectations in this domain are limited to fractions with denominators 2,
3,4,5,6, 8,10, 12, and 100.
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Understand decimal notation for fractions, and compare decimal
fractions.

i

Express a fraction with denominator 10 as an equivalent fraction with
danominator 100, and usa this technique to add two fractions with

respeclive denominators 10 and 100.% For example, express 3/ 10 as
300100, and add 3/ 10+ 4100 =34/ 100.

6. Use decimal notation for fractions with denominators 10 or 100, For
exurme, rewrile 062 as &2/ 100; describe o length s 0.62 meters; locate
062 on o number ine diagranm.

T  Compara two decimals to hundradths by reasoning aboul their size.
RHecognize lhal comparisons are valid only when lhe two decimals
refer 1o lhe same whole. Hecord lhe resulls of comparisons with the
symbols >, =, or <, and justify the conclusions, ¢.g., by using a visual
madal.

Measurement and Data 4.MD

Solve problems involving measurement and conversion of
measurements from a larger unit to a smaller unit.

L

Know relalive sices ol measuremenl unils within ong syslem of unils
Including km, m, cm; kg, q; Ib, oz.; I, ml; hr, min, sac. Within a single
system of measurement, express measurements in a larger unit in
terms of a smaller unit. Record measurameant equivalents In a fao-
column lable. For exarnple, know thal | s 12 fimes as long as 1 in.
Express the lenglh of o 4 fl snake as 48 in. Generale a conversion fable for
feel andinches isfing the number pairs (1, 12), (2, 24), (3, 346), ...

=& the four oparations to solve word problams involving distances,
intervals of time, liquid volumes, masses of objects, and money,
Including problams involving simple fractions or decimals, and
problems thal require expressing measuremenls given In a larger unit
in terms of a smaller unit. Represent measurement quantilies using
diagrams such as number line diagrams that featura a measurameant
scale.

Apply the area and perimeler lonmulas lor reclangles in real world and
mathematical problems. For example, find the width of a rectangular
room given the area of the flooring and the length, byviewing the area
formula as a multiplicotion equation with an unknown faclor,

Represent and interpret data.

4

Make a line plol o display a dala sel ol measuremants in fractions of
a unit (1/2, 1/4, 1/8). Solve problems invalving addilion and sublraclion
of fractions by using information presented In line plots. For example,
from a line plof find and inlerprel the difference in length befween the
longest and shorfest specimens in an insect collection,

Geometric measurement: understand concepts of angle and measure
angles.

i

Recogniza angles as geometric shapas that are formed wherever bwo
rays share a common endpoint, and undersland concepts of angle
measurement:

a. An angle I= measured with reference to a circle wilh its center at
the common endpoint of the rays, by considerdng the fraction of
the circular arc hatwaan the palnts where the two rays intersect
the circle. An angle that tums through /360 of a circle Is called a
“one-degree angle,” and can be used lo measure angles.,

b. An angle that turns through n one-degree angles is sald to have
an angle maasura of n deqgraas.

*Sludents who can generale equivalent ractions can develop siralegies Tor adding
fractions with unlike denominators in general. But addition and subtraction with un
like danominators in general Is not a requiremeant at this grade.

| +apets

e



Measure angles in whole-number degrees using a profractor. Sketch
angles of specificd measure.

Recognize angle measura as addittva. When an angle is decomposed
inlo non-overlapping parls, the angle measure ol the whaola is the sum
of the angle measures of the parts. Solve addition and sublraclion
problams to find unknown anglas on a dlagram In real world and
mathemalical problems, e.g., by using an equalion with a symbaol for
the unknown angle maasure.

Geometry 4.6

Draw and identify lines and angles, and classify shapes by properties
of their lines and angles.

Draw points, linas, line sagmeants, rays, angles (righl, acule, obluse),
and perpendicular and parallel lines. ldenlily these in two-dimensional
figures.

Classify teo-dimensional figures based on the presance or absance of
parallel or perpendicular lines, or the presence or absence ol angles of
a specified size. Recognize right triangles as a category, and identify
right triangles.

Hecognize a line of symmelry lor a wo-dimensional ligure as a line
across the figure such that the figure can be folded along the line
Into matching parts. [dentify line-symmeatric figuras and draw lines of
symmelry.,
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Mathematics | Grade 5

In Grade 5, instructional time should focus on three cntical araas: (1)
developing fluency with addition and subtraction of fractions, and
developing understanding of the multiplication of fractions and of division
of fractions in limited case=s (unit fractions divided by whole numbers and
whole numbers divided by unit fractions); (2) extending division to 2-digit
divizors, integrating decimal fractions into the place value system and
developing understanding of operations with decimals to hundredths, and
developing fluency with whole number and decimal operations; and (3)
developing understanding of volume.

(1) Sludents apply their underslanding of raclions and fraction models to
represent the addilion and sublraction ol raclions with unlike denominators
as equivalent calculations wilh like denominalors. They develop Nuency

In calculating sums and differences of fractions, and make reasonable
estimates of them. Students also use the meaning of fractions, of
mulliplication and division, and Lhe relationship belveen mulliplication and
division to understand and explain why the procaeduras for multiplying and
dividing fractions make sensc. (Mote: this is limited to the case of dividing
unil Iractions by whole numbers and whole numbers by unil Tractions. )

(2)Sludenls develop understanding ol why division proceduras waork
haszad on the meaning of hasa-tan numearals and propories of operations.
They finalize fluency with multi-digit addition, subtraclion, mulliplication,
and division. They apply their understandings ol models for decimals,
decimal nolation, and properlies ol operalions o add and sublract
decimals to hundredths. They develop fluency In these computations, and
make reasonable estimates of their results. Students use the relationship
betveen decimals and lractions, as well as the relalionship belween
finite decimals and whole numbers {l.e.. a finite decimal multiplled by an
appropriata power of 10 Is a whala numbear), to understand and explain
why the procedures for multiplying and dividing finile decimals make
sense. They compule products and gquolients ol decimals to hundredths
afficlently and accurately.

(3 )students recognize volume as an attribute of three-dimensional  space.
Ihey understand Lhal volume can be measured by linding the total

numbar of samea-siza units of volume required to fill the space without
aaps or overlaps. They understand that a 1-unit by 1-unil by 1-unil cube

is the standard unit for measuring volume. Thoy selact appropriata units,
strategics, and tools for solving problems that involve estimating and
measuring velume. They decompose three-dimensional shapes and find
volumes of right rectangular prisms by viewing them as decompasad into
layers ol amays of cubes, They measure necessary attributes of shapes in

arder to datermine volumes to solve real world and mathematical problems.
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Grade 5 Overview
Operations and Algebraic Thinking

* Write and interpret numerical expressions.

» Analyie patterns and relationships.

Mumber and Operations in Base Ten
* Understand the place value system.

* Perform operations with multi-digit whole
numbers and with decimals to hundredths.

Number and Operations—Fractions

+ Use equivalent fractions as a strategy to add
and subtract fractions.

+ Apply and extend previous understandings
of multiplication and division to multiply and
divide fractions.

Measurement and Data

« Convert like measurement units within a given
measurement system.

« Represent and interpret data.

* Geometric measurement: understand concepts
of volume and relate volume to multiplication
and to addition.

Geometry

* Graph points on the coordinate plane to solve
real-world and mathematical problems.

* Classify two-dimensional figures into categories
based on their properties.

Mathematical Practices

L

Make sense of problems and persavere in
solving them.

Reason abstractly and quantitatively.

Construct viable arguments and critique
the reasoning of others.

Model with mathematics.

Use appropriate tools strategically.
Attend to precision.

Lock for and make use of structura.

Lock for and express reqularity in repeated
reasoning.
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Operations and Algebraic Thinking 5.0A

Write and interpret numerical expressions.

LIsa paranthasas, brackels, or braces In numearical exproessions, and
evaluale expressions wilh these symbols.

Wnte simple expressions that record calculations with numbers, and
interpret numerical oxproessions without ovaluating them. For exomple,
express the calculation “odd 8 and 7, Then mulliply by 2" as 2 » (8 + 7).
Recognize fhat 3 = (18932 +921) is three fimes os large as 18932 + 921,
without having to calculate the indicated sum ar praduct.

Analyze patterns and relationships.

3

Generale twvo numerical pallems using o given rules. [dentify
apparent relationships betwesn comesponding terms. Form ardered
pairs consisting of corresponding terms from the two pallems, and
graph lhe ordered pairs on & coordinate plane, For example, given the
rule “Add 3" and the stading number 0, and given the rule “Add &" and the
sfarfing number 0, generale lerms in the resulling sequences, and observe
that the terms in one sequence are twice the comesponding ferms in the
othersequence. FExplaininformaily why thisis so.

Number and Operations in Base Ten S.NBT

Understand the place value system.

1

A

Recognize that in a multi-digit number, a digit in one place represents
10 times as much as It rapresents In tha place to Its right and 1710 of
whal il represents in the place 1o ils lell,

Explain pattarns in tha number of 7aros of the product when
mulliplying a number by powers ol 10, and explain pattarns in the
placement of the decimal point when a decimal is mulliplied or
divided by a powear of 10. Use whole-number axponents to denote
powers ol 10,

Read, write, and compare decimals to thousandths.,

4. Head and wrile decimals o thousandlhs using base-len numerals,
numbear nameas, and expandad form, e.q., MM72382 =3 = 100 + 4 =
10+ T =1+ 3 = (110} + 9 = (1/100) + 2 = {1/1000).

b. Compare two decimals to thousandths based on meanings of the
digils in each place, using =, =, and < symbols to racord tha results
of comparisons.

Use place value understanding o round decimals o any place.

Perform operations with multi-digit whole numbers and with
decimals to hundredths.

.

Fluently mulliply mulli-digil whole numbers using tha standard
algorithm.

Find whole-number gquolientls ol whole numbers with up to four-digit
dividends and two-digit divisors, using strategics based on place
valua, the propertlas of opearatlons, and/or the relationship belween
multiplication and division. lllustrate and axplain the calculation by
using equalions, recltangular armrays, and’or area models.

Add, sublract, mulliply, and divide decimals o hundredths, using
concrete models or drawings and strategies based on placa valuea,
properties of operations, and’or the relationship belween addilion and
subtraction; relate the strategy to a written method and explain the
reasoning usad.
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Mumber and Operations—Fractions 5.MF

Use equivalent fractions as a strategy to add and subtract fractions.

1  Add and subtract fractions with unlike danominators (including mixed
numbors) by replacing given fractions with equivalent lraclions in
such a way as to produce an equivalent sum or diferenco of fractions
wilh like denominalors, Forexarmple, 2/3+5/4=8/12+ 15/12=23/12. {in
general, afb+cfd= fod+ be)/bd.)

}  Solve word problams Invalving addiion and subtraction of fractions
relerring o lhe same whole, including cases ol unlike denominators,
.q., by using visual fraction models or equations to reprasant the
problam, Lisa banchmark fractions and number sanse of ractions
to estimate mentally and assess the reasonableness of answears. For
example, recognize an incomectrasult 215 + 12 = 37, by observing thal
3fr=1f2.

Apply and extend previous understandings of multiplication and
division to multiply and divide fractions.

3 Interpret a fraction as division of the numerator by the denominator
(i = a + B). Solve word problems involving divislon of whola
numbers leading o answers in the form of raclions or mixed numbers,
c.q., by using visual fraction models or equations to represent the
prablam. Forexample, inferpref 374 as the result of dividing 3 by 4, noting
thal 3fd mullipled by 4 equals 3, and thal when 3wholesareshared
cqually among 4 people cach person hos o share of size 3/4. 1f9 poople
want to share a S0-pound sack of ice equally by weight, how many
pounds of nce should each person gel? Belween wha! iwo whole numbers
does vour answer ied

4 Apply and exlend previous underslandings of mulliplication to
multiply a fraction or whole number by a fraction.

a. Interpret the product (o/b) = g as a parts of a partition of g
inta B equal parts; equivalantly, as the result of a sequence of
operations a = g + b, Forexample, use a visual fraction mode! fo
shaow [2/3) =4 = 83, and create a story context for this equatian. Do
the sarme wilth [2/3) = (4/5) = 8f15. (In general, (afb) = (c/d) = ocfbd.)

b. Find the area of a rectangle with fractional side langths by tiling it
with unit squaras of the appropriate unit fraction side lengths, and

show thal Lhe area is the same as would be tound by multiplying
tha side langths. Multiply fractional side langths to find arcas of

reclangles, and represenl raclion producls as rectangular areas.
5 Interpret multiplication as scaling (resizing), by:

a. Comparing lhe size ol a product lo lhe size of one factor on
tha basis of tha slza of tha othar factor, without performing the
indicated multiplication.

b. FExplaining why multiplying a given number by a fraclion greater
than 1 resulls in a product grealer Lhan the given number
(recoqgnizing multiplication by whole numbers grealer than 1 as
g lamiliar case); explaining why mulliplying a given number by
a fraction less than 1 results in a product smaller than the givan
number; and relating the principle of fraction cquivalence alb =
{nxai{n=k) to the affact of multiplying albk by 1.

& Solve real world problems involving mulliplication of fractions and
mixed numbers, ¢.g., by using visual fraction models or aquations to
represent the problem.

1. Apply and extend previous understandings of division to divide unit
fractions by whole numbears and whaole numbears by unit fractions.?

a.  Interpret division of a unit fraction by a non-zero whole number,

1Studants able to multiply fractlons In general can develop strategies to divide frac-
lions in general, by reasoning aboul the relationship belween mulliplication and
division. But division of a fraction by a fraction is not a requirement at this grade.
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Measurement and Data

Convert like measurement units within a given measurement system.
1.

and compute such quotients. For example, create o sfory context
for {1/3) + 4, and use o visual fraclion model fo show the quatient.
Use the relationship botween mulfiphication and division fo explain
that[1/3)=4=1/17 hecause[1/12) xd=1/3.

b. Intarpret division of a whole numbar by a unlt fraction, and
compule such guolients. For exarnple, creale a sfory confext for
4 =[115), and use avisualfraction model tashow the gquotient, Use
the relalonship belween mullipbcalion and division fo exploin that
4=[1/5]=20because 20 =[]1[5]=4.

. Solve real waorld problems Invalving division of unil trections by
non-zoro wholé numbers and division of whola numbears by unlt
fractions, ¢.g.. by using visual fraction models and equations to
represent the problem. For exarnple, how much chocolafe willcach
person getif 3 people share 12 1b of chocolate equally? How many
1 3-cupservingsarein 2 cups ofraizing @

Converl among dillerent-sized standard measurement unils wilhin a
given measurement system (e.g., convert 5 cm to 0.05 m), and use
thasa convarsions In solving multi-step, real world problems.

Represent and interpret data.

Z

Geometric measurement: understand concepts of volume and relate

Make a line plol o display a dala sel ol measurements in fraclions ol
a unit (1,2, 14, 1/8). Usa oparations on fractlons for this grade to solve
problems involving infonmalion presented in line plots. For example,
given different measurements of iquid in idenfical beakers, find the
amaount of fquid each beaker would canfain if the fotal amount in all the
beakers were redisinbuted equally.

volume to multiplication and to addition.

1

Recognize volume as an attribute of solid figures and understand
concepts of volume measurement.

4. A cube with sida langth 1 unit, callad a "unit cube,” is said to have
“ona cuble unit”™ of vwolume, and can ba usad to measure volume.

b. A solid figure which can be packed without gaps or overlaps
using rn unil cubes is said lo have a volume of n cublc units.

Measure volumes by counting unit cubes, using cubic cm, cubic in,
cuble ft, and Improvised units.

Helale volume to the operalions of mulliplication and addition and
solve real world and mathematical prableams involving volurme.

a. Find the volume of a right rectangular prism with whala-numbear
side lengths by packing il wilh unil cubes, and show that the
volume is the same as would be found by multiplying the adge
langths, equivalantly by multiplying the height by the area of the
base. Hepresenl threelold whole-number products as volumes,
a.q., to reprasent tha assoclative property of mulliplication.

b. Apply the fomulas V=1 = w = h and Vv = b = h for rectangular
prisms to find volumeas of right rectangular prisms with whole-
number adgea langths In the context of solving real waorld and
mathematical problems.

C. Hecognize volume as addilive. Find volumes of solid ligures
compased of two non-overlapping right rectanqular prisms by
adding the volumes of the non-overlapping parts, applying this
technique to solve real world problems.

5.MD
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Geometry 5.G

Graph points on the coordinate plane to solve real-world and
mathematical problems.

Use a pair of perpendicular number lines, called axes, lo deline a
conrdinata systam, with the Intersaction of tha lines (tha origin)
amanged lo coincide wilth the 0 on each line and a glvan point in
the plane located by using an ordercd pair of numbers, called ils
coordinates. Understand that the first number indicates how far to
fraval from the arlgin In the direction of one axis, and lhe second
number indicales how far o travel in the direction of the second
axls, with the convantlon that tha nameas of the two axes and the
coordinates correspond {e.g.. x-axis and x-coordinale, y-axis and
y-coordinate).

Reprosent real world and mathematical problems by graphing points
in the first quadrant of the coordinate plane, and Inlerprel coordinale
values ol pointls in the conlext ol the silualion.

Classify two-dimensional figures into categories based on their
properties.

3 Understand that attributes belonging to a category of two

dimensional ligures also belong lo all subcalegories ol thal calegory.
Forexample, allrectangles have fourdght angles and squores anc
rectangles, so all squares hove fourdght angles.

Classify tero-dimensional figuras in a hlararchy based on propariaes.
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Mathematics | Grade 6

In Grade 6, instructional time should focus on four critical areas: (1)
connecting ratio and rate to whele number multiplication and division
and using concepts of ratic and rate to solve problems; (2) completing
understanding of division of fractions and extending the notion of number
to the system of rational numbers, which includes negative numbers;

(3) writing, interpreting, and using expressions and equations; and (4)
developing understanding of statistical thinking.

{1Sludents use reasoning aboul mulliplication and division to solve

ratio and rata problems about quantities. By viewing equivalent ralios

and rates as deriving from, and extending, pairs of rows (or columns) In
Lhe mulliplication lable, and by analyzing simple drawings that indicate
Lhe relalive size of gquanlilies, sludenls connecl their understanding of
multiplication and divislon with ratlos and rates. Thus students expand the
scope of problems for which they can use multiplication and division to
solve preblems, and they connect ralios and raclions. Sludenls solve a
wide varaty of problems involving ratios and ratas.

(2)Students use the meaning of fractions, the meanings of multiplication
and division, and the relationship betweon multiplication and division o
understand and explain why the procedures lor dividing fractions make
sansa. Studants usa thasa oparations to solve problems. Students extend
thoir previous understandings of number and the ordering ol numbers
1o the Tull system of rational numbers, which includes negalive ralional
numbars, and In particular negative inteqgars. They reason about the order
and absolute value of rational numbers and about the location of points in
all Tour quadrants ol the coordinale plane.

(3)Sudents understand Lhe use of variables in malhematical expressions.
Theay writa exprassions and aequations that cormaspond to given situations,
cvaluate expressions, and use expressions and formuleas Lo solve problems.
Students understand that expressions in different fonms can be equivalent,
and lhey use lhe properlies of operalions o rewrile axprassions in
equivalant forms. Studants know that tha solutions of an equation ara the
values of the variables that make the equation true. Sludenls use properlies
ol operalions and the idea ol mainlaining the equality of both sidas of

an equalion lo solve simple one-slep equalions. Sludents construct and
analyre tables, such as tables of quantities that are In equivalent ralios, and
they use equalions (such as 3x = ¥) to describe relationships batwean

quanlilies.

{4)Building on and reinforcing their understanding of numbear, studants bagin
Lo develop Lheir abilily Lo think slatistically. Sludenls recognize that a data
distribution may not have a definite center and that different ways lo measure
canter yviald different valuas. The medlan maasuras centar inthe sansa that itls
roughly the middle value. The mean measures center in the sense that it is the
value thal each dala point would lake on il the lolal of the dala values wereg
redistributed aqually, and also In the sansa that it 1= a balance point. Studants
recognize that a measure of variability (interquartile range or mean absolute
devialion) can also be uselul for summarizing data because bwo very dillerent
sats of data can hava the sama maan and

G | 9=peID



median yvel be distinguished by their variabilily. Sludaents laam to dascribe
and summarize numarical data sats, Identifying clusters, peaks, gaps, and
symmetry, considering the context in which the data were collecled.

(5)Students in Grade 6 also build on their work wilh araa In alemeantary
school by rmasoning about relationships among shapos to determine arca,

surfaca araa, and volume. Thay find areas of right trlangles, other tianglos,

and spacial quadrilaterals by decomposing these shapes, rearmanging

of removing picces, and relating tho shapes to rectangles. Using thesa
methods, sludenls discuss, develop, and juslily lormulas for arcas of
frianglas and paralielograms. Shudents find areas of polygons and surlace
greas of prisms and pyramids by decomposing them into picces whoso
araa they can determine. They reason about right rectangular prisms
with fractional side lengths to extend formulas for the valume of a rght
reclangular prism o raclional side lenglhs. They prepare for work on
scale drawings and construclions in Grade 7 by drawing polygons in the
coordinate planea.
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Grade 6 Overview

Ratios and Proportional Relationships

+ Understand ratio concepts and use ratio
reasoning to solve problems.

The Number System

» Apply and extend previous understandings of
multiplication and division to divide fractions
by fractions.

+ Compute fluently with multi-digit numbers and
find common factors and multiples.

» Apply and extend previous understandings of
numbers to the system of rational numbers.

Expressions and Equations

s Apply and extend previous understandings of
arithmetic to algebraic expressions.

* Reason about and solve one-variable
equations and inequalities.

* Represent and analyze guantitative
relationships between dependent and
independentvariables.

Geometry

+ Solve real-world and mathematical problems
invalving area, surface area, and volume.

Statistics and Probability
+ Develop understanding of statistical variability.

* Summarize and describe distributions.

Mathematical Practices

i.  Make sense of problems and persevere in
solving them.

Z Reason abstractly and quantitatively.

3. Construct viable arguments and critique
the reasoning of others.

4 Maodel with mathematics.

5 Use appropriate tools strategically.
6. Attendtoprecision.

1. Loock for and make use of structura.

8. Look for and express regularity in repeated
reasoning.



Ratios and Proportional Relationships B.RP

Understand ratio concepts and use ratio reasoning to solve
problems.

Understand the concepl ol & ralio and use ralio lanquage to describe
a ratio relationship between two quantities. For example, “The ralio
afwings to beaksin the birdhouse atthe roowas2: 1, because for
every 2 wings lhere was | beak.” "For every vole candidate A received,
candidate C received nearly three votes.”

2 Understand the conceptl ol a unil rale a/b essocialed with a ratio a:b
with b = 0, and use rate language in the confext of a ratie relationship.
Forexample, "This recipe hos arafio of 3 cups of flowr lo 4 cups of sugar,
s thereis 3/d cup of flourforeach cup of sugar.” “We paid §75for 15
hombuwrgers, which is o rale of $5 per hamburger,™

3 Use ratio and rate reasoning to solve real-world and mathamatlcal
problams, e.q., by reasoning about tablas of equivalent ratios, lape
diagrams, double number line diagrams, or equalions.

a. Make tables of equivalent ratios relating quantities with whole
numbear maasurameants, find missing values in the tablas, and plot
the pairs of values on the coordinate plane. Use tables to compar:
ratios.

b. Solve unit rate problems including those involving unlt pricing and
constant speed. For exarnple, if if fook £ hours fo mow 4 lawns, then
at that rate, how many lowns could be mowed in 35 hours2 Af what
rale were lowns being mowed?

C. Find a percent of a quantity as a rate per 100 (e.g9., 30% ol a
quanlity means 30/100 limes lhe guanlily); solve problems
invalving finding the whaole, given a part and the percont.

d. Use ratio reasoning to convert measurcment unils; manipulale
and transform units appropriately when multiplving or dividing
quantitias.

The Number System 6.M5

Apply and extend previous understandings of multiplication and
division to divide fractions by fractions.

Interpret and compute quotients of fractions, and solve word
problems involving division of fractions by fractions, e.g., by using
visual fraction maodels and aquations to represent the problem. For
exarmnpe, creale o sfory confex! for (2/3) + (3/4) and use a visual froction
model to show the quoticnt; use the relationship between mulliplicalion
and division to explain thef [243) + [3/4) = 89 because 3/4 of 89 s 2/3.
(Ingeneral, (afb) + fcfd) = ad/be.) How much chocolote will each person
getif 3 people share 1/21b of chocolate equoally® How many 3f4-cup
sarvings are in 2/3 of a cup of yogurt? How wide it a rectangular strip of
land with length 3/4 miond area 1/2 square mig

Compute fluently with multi-digit numbers and find common factors
and multiples.

2
3

Fluently divide multi-digit numbers using the standard algaorithm.

Fluently add, subtract, multiply, and divide multi-digit decimals using
tha standard algaorithm for each oparation.

Find lhe grealesl common factor ol lwo whole numbers less than or
equal o 100 and the least common multiple of two whole numbers
less than or equal to 12, Use the distributive property to express a
sum ol wo whole numbers 1=100 with a common lactor as a mulliple
of & sum ol wo whole numbers with no common laclor. For exarmple,
express 36+ 8asd (9+2).

1Expectations for unit rates in this grade are limited to non-complex fractions.
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Apply and extend previous understandings of numbers to the system
of rational numbers.

i

1

Undersland Lhal positive and negalive numbers are used togethar
to describe quantities having opposite directions or values (e.4.,
temparatura abhovabalow 7aro, alavation abova'halow soa lovel,
credils/debils, posilive/negalive electric charge); usa positive and
negative numbers to represent quantitios in real-world conlexls,
explaining the meaning of 0 In each siuation.

Understand a rational number as a point on the numbear line. Extand
numbear line dlagrams and coordinate axes familiar from previous
grades o represenl poinlts on the line and in the plane with negative
number coordinatos.

4. Hecognize opposile signs ol numbers as indicating locations
on appasite sides of 0 on the number line; recognize thal the
opposite of the opposite of a number is the number itsalf, a.q.,
—{=3) = 3, and that 0 Is its ocwn opposite.

bh. Understand signs of numbers in ordered pairs as indicating
locations in quadrants of the coordinate plane; recognize that
whean hwo orderad pairs differ only by slgns, the locations of tha
points are related by reflections across one or both axes.,

C. Find and posilion integers and olher ralional numbers on a
harizontal or vertical number line diagram; find and position pairs
of integers and other rational numbers on a coordinate planc.

Undarstand orderng and absolute valua of ratlonal numbears.

A. Intarprat statements of inequality as statements about the relative
position of two numbers on a number line diagram. For example,
interpret <3 » -7 as a statement that <3 is located to the ight of -7 on
anumberiine orenfedfromiell toright.

b. wwiiles, inlarprel, and explain slalements of onder for rational
numbears in real-vorld contaxts. For exaomple, wrife <3 =C > =7 =C to
express the fact thal =3*Ciswarmer than =+,

C. Understand the absolule value ol a ralional number as ils dislance
from O on the number line; inlerprel absolule value as magnilude
for a positive or negative quantity in a real-world situation. For
example, foranoccouni balance of =30 dollars, wrife | =30 | =30fa
describe the size of the debtin dollars,

d. Distinguish comparisons ol absolule value om statamants about
ardar. For exampie, recognize that an account bolonce less than =30
dallars represents o debf greater than 30 dollars.

Saolve real-world and mathematical problems by graphing points in all
lour quadrants ol lhe coordinale plane. Include use of coordinatas and
absolute value to find distances botweoen points with the same lirst
coordinata or the same sacond coordinate.

Expressions and Equations 6.EE

Apply and extend previous understandings of arithmetic to algebraic
expressions.

Wrile and evaluale numerical expressions involving whole-number
cxponcnts.

Write, read, and evaluate expressions in which lettors stand far
numbers.

d. Wrile expressions lhal record operalions wilh numbers and with
letters standing for numbers. For example, express the calculafion
“Sublrociyfrom 5" as S-v.
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b. Idenlily parls ol an expression using mathemetlcal terms (sum,
lerm, producl, laclor, gquolient, coellicienl), view one or maore
parts of an expression as a single entity. For example, describe the
expression 2 (8 + 7) as a product of two factors: view (8 + 7] as both
asingle enlity andasum of two lerms.

C. Evaluale expressions al specilic values ol Lheir variables. Include
expressions that arise from formulas used in ealworld problemes.
Perform  arithmelic operations, including those Invalving whole-
number exponents, in the conventional order when there are no
parenthesas fo specify a parlcular order (Order ol Operalions).
Forexample, use the formulos V=g and A =& 5 lo find the volurme
and surface area of a cube with sides of lengths = | f2.

1 Apply the properties of operations to generate equivalenl expressions.
For example, apply the disfribulive properly fo fhe expression 3 (2 +x) to
produce the equivalent expression & + 3 apply the distibutive property
o the expression 24x + 18y fo produce the equivalent expression
& (4x + 3y); opply properfies of operalions fo y + y + y to produce the
equivalent expression 3y,

4. Idenlily when bt~o expressions are equivalent (i.e., when lhe bwo
cxpressions name the same number regardless of which value is
substituted Iinto tham). For example, the expressions vy + v + v and 3y
are equivalent becaouse hey narme the same numberregordless of which
numberystands for,

Reason about and solve one-variable equations and inequalities.

5  Understand solving an equatlon or inequality as a procass of
answaring a quastion: which valuas from a specifiad sct, if any, make
lhe equalion or inequalily rue? Use subslilutlion lo determine whethear
a given number in a specified sot makes an equation or inequalily rue.,

6. Usevariables to represent numbers and write expressions when
solving a real-world or mathematical problem; understand that a
variable can represent an unknown number, or, depending on Lhe
purpose at hand, any number in a specified sot.

T  Solve real-world and mathematical problems by writing and solving
equalions ol lhe Torm x + o o= g oand px = g lor cases inowhich o, g and
x are all nonnegative rational numbers.

& Wrile an inegualily of the fonm x > < or x < C lo reprasant a constraint
ar condition in a real-world or mathematical problem. Hecognize thal
incqualities of the form x > c or x < < have infinitely many solulions;
represent solulions of such inequalilies on number line diagrams.

Represent and analyze quantitative relationships between
dependent and independent variables.

9 Use varisbles o represent wo quanlilies in a realwword problam that
change in relationship to one another; write an equalion o express
one quantity, thought of as the dependent variable, In tarms of tha
olher quanlily, thoughl of as lhe independent variable. Analyze the
ralationship betwaean the depandent and independenl variables using

graphs and tablas, and relate thase to the equation. For exomple, ina
problem involving mofion at constant speed, list and groph ordered pois
ofdistancesandtimes, andwrite the equationd = a5t to representthe
relatfionshin between distance and fime.

Geometry 6.6

Solve real-world and mathematical problems involving area, surface
area, and volume.

1. Find the area of right triangles, other triangles, special quadrilaterals,
and polygons by composing into rectanglas or decomposing into
riangles and olher shapes; apply these lechnigues in the contexl ol
solving real-world and mathematical problems.
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2 Find the volume ol a righl rectangular prism wilh Iractlional adge
lengths by packing it with unit cubes of the appropriale unil raclion
edge lenglhs, and show Lhatl the volurme is the same as would be
found by multiplying the edge lenagths of the prism. Apply the
formulas v = [w h and v = b h to find volumes of righl reclangular
prisms with fractional edge langths In the context of solving real world
and melhemalical problems.

1 Draw polygons in the coordinate plane given coordinales lor lhe
verlices; use coordinales o lind the lenglh ol a side joining points with
the same first coordinate or the same second coordinata. Apply thesea
technlquas In the contaxt of solving real-world and mathemealical
problems.

4. Represenl lhree-dimensional ligures using nels mede up of rectangles
and triangles, and usa the nets to find the surface araa of thase
fiquraes. Apply thesea techniquas In the contaxt of solving real-world
and malhemalical problems.

Statistics and Probability 6.5P

Develop understanding of statistical variability.

1. Hecognize a slalistical question as one lhal anlicipales variabilily in
the data related to the question and accounts for it in the answers, For
example, "How ald am 127 is nof o statistical question, but "How old are the
sfudentsinmy school®" is o sfalisfiical guestion becouse one anlicipales
vanability in students” ages.

?  Understand that a sat of data collectad to answer a statlstical question
has a distribulion which can be described by ils cenler, spread, and
ovearall shape.

1} Recognirza that a measura of cantar for a numearical data sot
summarizes all of its values with a single number, while a measure ol
variation describas how Its values vary with a single number.

Summarize and describe distributions.

4. Display numerical dala in plols on a number line, including dol plols,
histograms, and box plots.

5 Summarize numerical data sets In relatlon to their contaxt, such as by:
4. Reparting the number of obsarvations.

b. Describing the nature of the attribute under investigation,
including how il was measured and ils unils ol measuremsant.

C. Giving gquanlilalive measures ol cenler (medien and/or maan) and
variability {interquartile range and/or mean absolute devialion), as
well as describing any overall patlem and any striking deviations
from the overall pattermn with reference to the conlexl in which the
dala were galhered.

d. Helaling the choice of measures of cenler and variability to tho
shapea of the data distribution and the contaxtin which the dala
wiere gatherod.
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Mathematics | Grade 7

In Grade 7, instructional time should focus on four critical areas: (1)
devaloping understanding of and applying proportional relationships;

(2) developing understanding of operations with rational numbers and
working with expressions and linear equations; (3) solving problems
invelving 2cale drawings and informal geometric constructions, and
working with two- and three-dimensional shapes to solve problems
invalving area, surface area, and volume; and (4) drawing inferences about
populations basedonsamples.

{1) Students cxtend their understanding of ratios and davalop
understanding of proporionalily o solve single and multi-step problems.
Students use their understanding of ratios and proporlionalilty 1o solve

a wide variaty of parcent problams, including thasea Invalving discounts,
interest, taxes, tips, and percent increase or decrease. Studonts solve
problems aboul scale drawings by relaling comesponding lengths belween
the objects or by using tha fact that relationships of lengths within an
object are preserved in similar objects. Students graph proportional
reflationships and undersland the unil rale intormally as a measure of the
sleepness ol the relaled line, called the slope. They dislinguish proportional
ralationships from other relationships.

{2} Students davelop a unified undarstanding of number, recognizing
fractions, decimals (that have a finite or a repeating decimal
representalion), and percents as different representations of rational
numbears. Students axtend addition, subtraction, multiplication, and division
to all rational numbers, maintaining the propertics of operations and the
reflationships between addilion and sublraction, and mulliplication and
divislion. By applying thase propertias, and by viewing negative numbears
in tarms of avaryday contaxts {(a.q., amounts owead or temperatures below
zira), students explain and interpret the rules for adding, sublracling,
mulliplying, and dividing wilh negalive numbers. Thay use the arithmetic
of raticnal numbears as thay formulate exprassions and equations in one
varlable and usa thesea equations to solve problams.

{3) Students continue their work with arca from Grade 8, solving problems
involving Lhe area and circumference ol a circle and surface area of three-
dimanslonal objacts. In preparation for work on congrucnce and similarity
in Grade & they reason about relationships among two-dimensional ligures
using scale drawings and informal geometric constructions, and thay gain
lamiliarity wilh lhe relalionships belween angles lormed by intersacting
lines. Students wark with three-dimenslonal figures, relating them o twa-
dimensional ligures by examining cross-seclions. They solve real-woarld
and mathamatical problams involving area, surface area, and volume of
two- and three-dimensional objects composed of trlangles, quadrilatarals,
polygons, cubes and right prisms.

(4) Students build on thair previous work with single data distributions to
compare wo dala distribulions and address gueslions aboul dillerences
hatweean populations. They bagin Informal work with random sampling

to generate data sets and leam about the importance of representative
samples lor drawing inlerences.
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Grade 7 Overview

Ratios and Proportional Relationships

* Analyie proportional relationships and use
them to solve real-world and mathematical

problems.

The NMumber System

* Apply and extend previous understandings
of operations with fractions to add, subtract,

multiply, and divide rational numbers.

Expressions and Equations

+ Use properties of operations to generate
equivalent expressions.

+ Solve real-life and mathematical problems

using numerical and algebraic expressions and

equations.

Geometry

s Draw, construct and describe geometrical

figures and describe the relationships between

them.

* Saolve real-life and mathematical problems
involving angle measure, arca, surface area,
and volume,

Statistics and Probability

* Use random sampling to draw inferences about

a population.

+« Draw informal comparative inferences about
two populations.

* Investigate chance processes and develop, use,

and evaluate probability models.

Mathematical Practices

i.  Make sense of problems and persevere in
solving them.

Z Reason abstractly and quantitatively.

3. Construct viable arguments and critique
the reasoning of others.

4 Maodel with mathematics.

5 Use appropriate tools strategically.
6. Attendtoprecision.

1. Loock for and make use of structura.

8. Look for and express regularity in repeated
reasoning.
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Ratios and Proportional Relationships 7.RP

Analyze proportional relationships and use them to solve real-worid
and mathematical problems.

Compute unit rates associated with ratios of fractions, including ralios
ol lengths, areas and olther quanlilies measured in ke or different
unils. For example, if o person walks | /2 mile in each 1/4 hour, compute
the unit rate as the complex fraction =4 miles per how, equivalenily 2
mites per hour.

2 Hecognize and represent proportional relalionships bebtvoon
quantitics.

a. Decide whelher lwo gquanlilies are in a proportional relationship.
2.g.. by testing for egquivalent ratios in a table or graphing on a
coordinale plane and observing whelher Llhe graph is a straight
lina through the origin.

h. ldentify the constant of proportionality (unit rata) In tablas,
graphs, equations, diagrams, and verbal descriptions of
proportional relationships.

¢. Reapresent propartional relationships by equations. For example, if
total cost tis proportional to the number n of ilems purchased ot
a constant price o, the relafionship between the fofal cost and the
number of items can be expressed as £ = pn.

d. Explain whal a point (%, ¥) on the graph ol a proporlional
relalionship means in lerms of he siluation, wilh special allentlion
to the points (0, 0) and (1, r) whore ris the unit rate.

3 Use proporfional relationships to solve multistep ratio and percent
problems. Exarmples: simple inferes!, fax, markups and makdowns,
gratuitics and cormmissions, fecs, percent increose and decrease, percen
ST,

The Number System 7.NS

Apply and extend previous understandings of operations with
fractions to add, subtract, multiply, and divide rational numbers.

Apply and extend previows underslandings ol addilion and sublraclion
ta add and subiract rational numbears; raprasant addition and
sublraclion on a horizonlal or verlical number line diagram.

a. Describe silualions in which opposile quanlilies combing fo
make. Forexample, ahydrogenatomhbas0charge becauseits two
conshifuents ore opposifely charged.,

b. Understand p + g as the number localed a dislanca o) from g,
in lhe posilive or negalive direclion depending on whathear o is
pasitive or negative. Show that a number and its opposite have
a sum of 0 {are additive inverses). Interpret sums of rational
numbers by describing real-world contexts.

C. Understand subltraction of ralional numbers as adding tho
additive: inverse, o — g = o + (—g). Show that tha distance hebwean
wo rational numbers on the number line is the absolute value of
their difference, and apply this principle in real-waorld contaxts.

d. Apply properlies ol operalions as slralegies o add and subtract
rationalnumbers.

2 Apply and exlend previous understandings ol mulliplication and

division and of fractions to mulliply and divide ralional numbers.

4. Undarstand that multiplication Is extendead from fractions to
rational numbers by requiring that operations continue to
satlsfy the propearties of operations, particularly the distributive
properly, leading lo products such as (—=1)—=1)= 1 and the rules
for multiplying slgned numbers. Interprat products of rational
numbers by describing real-world conlexls.
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b, Undarstand that integers can ba divided, provided that the divisor
is not zero, and avery quotient of Integears (with non-zero divisor)
is 8 ralional number. Il o and g are integers, lhen (o) = {—n)q=

=) Inlerprel quolienls ol ralional numbers by describing real-
world conlexls.

. Apply proparties of oparations as stratagles to multiply and
divida rational numbears.

d. Convert a rational number to a decimal using long division; know
that the decimal form of a rational number terminates In 0s or
evenlually repeals.

1 Solve real-wordd and mathematical problems involving tha four
operations with ratlonal numbers.?

Expressions and Equations 7.EE

Use properties of operations to generate equivalent expressions.

1. Apply properlies of operalions as stralegies o add, subtract, factor,
and expand linear exprassions with rational coafflclants.

?  Understand that rewriting an expression In different forms In a
problem context can shed light on the problem and how the quantitics
In it are related. Forexample, o + 0.05a = 1.05a meansthat “increaze by
S®"isthesameas " multiply by 1.05."

Solve real-life and mathematical problems using numerical and
algebraic expressions and equations.

1 Solve mulli-slep reallile and mathomalical problems posed wilh
positive and neqgative rational numbears In any form (whole numbars,
fractions, and decimals), using tools strategically. Apply properlies of
operalions o calculale with numbers in any form; converd batevesn
forms as appropriate; and assess the reasonablaness of answers using
mantal computation and astimalion strategies. For example: If a woman
making $25 an haourgets a 10% raise, she will make an addifional 1710 of
hersalary an hour, or $2.50, for a new salary of $27.50.1f vou wani lo ploce
alowelbar? 3/Mincheslongin the cenferof adoor thalis 27 1 /2inches
wide, you will need fo plaoce the barabout @inches from cach edge; this
estimatecan bevsedasacheckon the exactcomputafion.

4. Use variables lo represent gquanlilies in a real-world or mathematical
problem, and construct simple equations and inequalilies lo solve
problams by reasoning about the quantitias.

4. Solve word problams leading to equatlons of the form px + g =r
and pix + q) = r, where p, g, and r are specilic rational numbers.
Solve equations of these forms fluently. Compare an algebraic
solution to an arithmetic solution, identifying the sequence ol Lhe
operations used In each approach. For example, the pedmeter of o
rectangle iz 54 em. islengthis & cm. What iz its width?

b. Solve word problems leading lo inequalilies of the form px + q > r
or px + g < r, where o, g, and r are specific rational numbears. Graph
lhe solulion sel of the inegualily and inlerprel it in the context of
the problem. Forexample: As g salesperson, you are poid $50 per
wiock plus 33 persale. This weok yvou want your pay fo be atleast
£100. Write an inequalify for the number of sales you need lo make,
and describe the solufions,

Geometry 7.G
Draw, construct, and describe geometrical figures and describe the
relationships between them.

1 Solve problems Invalving scale drawings of geometric figuras,
including compuling aclual lengths and areas rom a scale drawing
and reproducing a scale drawing at a different scale.

'Compulations with rational numbers extend the rules Tor manipulaling fractions to
complex fractions.
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2 Dwaw (hreehand, wilh ruler and protraclorn, and wilh technology)
goometric shapoes with given conditions. Focus an consbrucling
frianglas from three measuras of angles or sidas, noticing whoen the
condilions delerming a unigue riangle, more than ona triangle, or no
triangle.

1  Describa the teo-dimensional flqures that result from slicing three
dimensional ligures, as in plane seclions ol righl rectangular prisms
and right rectanguiar pyramids.

Solve real-life and mathematical problems involving angle measure,
area, surface area, and volume.,

4. Know the formulas for the area and circumferance ol a circle and use
tham to solve problems; give an Informal derivation ol lhe relationship
between the circumlerence and area ol a circle.

Use facts about supplementary, complementary, vartical, and ad|acant
anglas in a multl-step problem to write and solve simple equalions for
an unknown angle in a ligure.

&n

6. Solve real-world and mathematical problems involving arca, volunme
and surface area of two- and three-dimensional objects composed of
riangles, quadrilalerals, polygons, cubes, and right prisms.

Statistics and Probability 7.5P

Use random sampling to draw inferences about a population.

1 Understand that statistics can be used to gain Information about a
population by cxamining a sample of the population; gencralizations
aboul a populalion rom a sample are valid only il the sample is
represcentative of that population. Understand that random sampling
tends to produca reprasantative samples and support valid inferences.

?  Usa data from a random sampla to draw infarencas about a population
with an unknown characteristic of interest. Generate multiple samples
(or simulaled samples) ol the same size o gauge the varalion in
astimates or predictions. For example, estimate the mean word length in
a book by randomiy sampling words from the book; predict the winner of
aschoolelection based onrandombysampled surveydota, Gauge how far
off the esfimate or predicfion might be.

Draw informal comparative inferences about two populations.

1  Informally assass the degrea of visual averdap of two numerical
data distributlions with similar variabililies, measuring the differance
hatwaan the cantars by exprassing It as a multipla of a measure of
varabllity. Forexample, the mean heightof plaversan the basketball
team iz 10 om greater than the mean height of ployers on the soccer team,
aboul fwice the varabilify (rmean absolule devialion) on either team; an
a dot plot, the separafion between the two distibutions of heighls &
noticeable.

4 Use measures of center and measures of variability for numerical data
from random samples o draw informal comparalive inferences about
b populations. Forexample, decide whelther the wordsin a chapter
of a seventh-grade science book are generally longer than the words in o
chapfer of a foudth-grode science book.

Investigate chance processes and develop, use, and evaluate
probability models.

5  Understand that the probabllity of a chance event s a numbear
between O and 1 thal expresses lhe likelihood ol The evenl cccurring.
Larger numbers indicate greater likelihood, A probability near O
Indicates an unlikely event, a probability around 1/2 indicates an avent
thal is neither unlikely nor likely, and a probability near 1 indicales a
likely event.
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i Approximale the probabilily of a chance evenl by collecting data on
the chance process that produces It and obsarving its long-run relative
frequency, and predict the approximate relative frequency given the
probability, Forcxample. when reiing o numbercube 00 fimes, predic
thata 3 oré would be roffed roughly 200 fimes, but probabily nol exactly
0 times.

I Develop a probabilily model and use il to find prokabilities of events.
Compare probabilitics from a model to observed frequencies; il The
agreemenl is nol good, explain possible sources ol the discrepancy.

4. Nevelop a uniform probabliity model by assigning equal
prababliity fo all outcomes, and use tha modal [0 delermine
probabilities ol evenls. For exarmpie, il o student is selected of
random from a class, find the probabiity fhal Jane will be selected
and the probability that a gid will be sefected.

b. Develop a probability model (which may not be uniform) by
observing frequencies in dala generaled rom a chance process.
Forexample, find the approximate probability that a spinning penny
willland heads up or thal o fossed poper cup willland open-end
down. Do the outcomes for the spinning penny appeor to be equally
Ikely based on the observed frequencies?

8 Find probabilitics of compound events using organized lists, tables,
frea diagrams, and simulation.

a. Understand that, just as with simple events, the probability of a
compound evenl is the raclion ol oulcomes in lhe sample space
for which the compound avant occurs.,

b. Represenl sample spaces lor compound evenls using methods
such as organized lists, tables and trec diagramss. For an evenl
dascribad In evaryday languangea {(a.q., “rolling double sixaes™),
identify the outcomes in the sample space which compose Lhe
avant.

¢. Deslgn and use a simulation to generate frequencies for
compound evenls. For example, use randorm digifs as a simulation
tool to approximate the answer to the question: If 40% of donors
have fype A blood, whalis the probability thalibwill lake of leas! 4
daonors to find one with type A blood 2
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Mathematics | Grade 8

In Grade B, instructional time should focus on three critical areas: (1) formulating
and reascning about expressions and equations, including modeling an association
in bivariate data with a linear equation, and solving linear equaticns and systems
of linear equations; (2) grasping the concept of a function and using functions

to describe quantitative relationships; (3) analyzing two- and three-dimensional
space and figures using distance, angle, similarity, and congruence, and
understanding and applying the Pythagorean Theorem.

(1) Studenls use linear equalions and syslems ol lincar equations to represant,
analyze, and solve a variely ol problems. Sludents recognize equations for
propartions (yfx = m ar y = mx} as spaclal linear equalions (v = rmx + b),
understanding thal the conslant ol proporticnalily (m) is the slope, and the graphs
ara linas through the orlgin. Thay undarstand that the slope (m)ofaline is a
conslant rale of change, so thal il the inpul or x-coordinate changes by an amount
A the output or y-coordinate changes by the amount m AL Students also use a linear
equation to describe the association betweon two quantities in bivariate data (such
as arm span vs. height for students ina classroom). At this grade, fitting the model,
and assessing ils il lo the dala are done informally. Interpreling the model in the
conlext of the dala requires stludenls o express a relalionship belween the lwo
quanltilies in queslion and W interprel components of the relationship (such as slope
and y-intercepl) in lemms ol the siluation.

Studants strategically choosa and efficlantly Implament procedures to solve linear
equations in ong variable, understanding that when they use Llhe properlies ol
equalily and the concepl ol logical equivalence, they maintain the solutions of lhe
original equation. Studants solve systams of twa linear equations In two varables
and relate the systems to pairs of lines in the plane; these intersect, are parallel, or
are lhe same line, Sludenls use linear equalions, syslems ol linear equalions, linear
functions, and their understanding of slope of a line to analyza situations and solve
prablams.

{2) Students grasp the concept of a function as a rule thal assigns o each inpul
exaclly one oulpul. They understand thal lunclions dascribe situations wheare one
guanlily delermines anolher. They can ranslale among representations and partial
reprasantations of functions (noting that tabular and graphical representations
may be partial represcentations), and they describe how aspects ol the lunclion are
rellected in the dillerenl represenlalions.

{3) Sludents use ideas aboul dislance and angles, how thoy behave under
translations, rotations, reflections, and dilations, and ideas aboul congruence and
similarity to describe and analyze two-dimensional figuras and o solve prablams.
Studants show that the sum of the anglas In a triangle is the angle lormed by a
straight line, and that various configurations of lines glve rise ta simlilar triangles
because of lhe angles crealed when a ransversal cuts parallel lines. Students
undarstand the statement of the Pythagorean Theorem and its converse, and can
explain why the Pylthagorean Theorem holds, for example, by decomposing a
squara in two different ways. Thay apply the Pythagoraan Theorem to find distances
between points on the coordinate plane, to find lengths, and to analyze polygons.
Sludenls complele their work on volume by solving problems involving cones,
cylindars, and spharas.
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Grade 8 Overview

The Number System

* Know that there are numbers that are not
rational, and approximate them by rational
numbers.

Expressions and Equations
* Work with radicals and integer exponents.

* Understand the connections between
proportional relationships, lines, and linear
equations.

* Analyze and solve linear equations and pairs of
simultaneous linear equations.

Functions
+« Define, evaluate, and compare functions.

* Use functions to model relationships between
quantities.

Geometry

* Understand congruence and similarity using
physical models, transparencies, or gecometry
software.

+ Understand and apply the Pythagorean
theorem.

* Solve real-world and mathematical problems
involving volume of cylinders, cones and
spheres,

Statistics and Probability

* Investigate patterns of association in bivariate
data.

Mathematical Practices

i.  Make sense of problems and persevere in
solving them.

Z Reason abstractly and quantitatively.

3. Construct viable arguments and critique
the reasoning of others.

4 Maodel with mathematics.

5 Use appropriate tools strategically.
6. Attendtoprecision.

1. Loock for and make use of structura.

8. Look for and express regularity in repeated
reasoning.
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The Number System B.NS

Know that there are numbers that are not rational, and approximate
them by rational numbers.

1. Know that numbers that are not rational are called imalional.
Lindarstand Informally that every numbear has a dacimal expansion; for
ralivnal numbers show Lhal lhe decimal expansion repaats aventually,
and convert a decimal expansion which repeats evenlually inlo a
rational numiber.

2 Use malional approximations of imational numbers o compare the size
of imational numbers, locate them approximately on a number [ine
diagram, and estimata the value of expressions (e.g., n7). For exarmple,
by fruncating the decimal expansion of ¥2, show that 42 is belween | and
2, then belween |.4 and 1.5, and explain how o confinue on to gef bether
approximaticns.

Expressions and Equations E.EE

Work with radicals and integer exponents.

1. Know and apply the propertios of integer exponents to gencrate
aquivalant numearical exprassions. Forexample, 32 x3=s=3-2=1/32= ] /27,

2 Use square rool and cube rool symbols o represent solutions o

equalions ol the fom x* = o and x* = o, where p is a posilive rational
numbear. Evaluate squara roots of small perfect squaras and cube roots

ol small perlect cubes. Know thal +2 is imalional.

3 Use numbers expressed in the form of a single digit times an integer
power of 10 o eslimale very large or very small guantitles, and to
express how many times as much one is than the other, For example,
estimate the population of the United States as 3 = 102and the population
ofthe worldas 7 = 107, and deferrmine thal the world populafionismare
than 20 timeslanger.

4. Perform operations with numbers expressed in scientific notation,
Including probleams where both decimal and sclanfific notatlon are
used. Use scientific notation and choose units of appropriate size
for maeasuremeants of vary large or vary small quantitias {a.q., use
millimelers per year lor sealloor spreading). Inlerprel scienlilic
natation that has baan ganerated by technology.

Understand the connections between proportional relationships,
lines, and linear equations.

3  Graph proportional relationships, interpreting the unil rate as the
slopa of the graph. Compara two differant proportional relationships
represented in dilferenl ways, For example, compare a disfance-fime
graph to a distonce-fime equation to determine which of fwo moving
objects has greater speed.

6. Use similar triangles to explain why the slopa m is tha samea batwaan
any two distinct paints on a non-vartical line In the coordinale plane;
derive lhe equalion v = rmx for a line through the origin and the
equation v = mx + b for a line intercepting the vertical axis at b.

Analyze and solve linear equations and pairs of simultaneous linear
equations.

1. Solve linear equalions in one variable,

4. Give examples of linear equalions in one variable with one
solulion, inlinilely many solulions, or no selutions. Show which
of thesa possibillities is the casa by succassivaly fransforming the
given equalion inle simpler lorms, unlil an equivalent equalion ol
lhe lorm x = g, g = g, or o = b resulls (where g and b are dillerent
numbars).

b. Solve linear equations with rational number coefficients, including
equalions whose solulions require expanding expressions using
tha distributive proparty and collacting like tarms.
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Analyze and solve pairs ol simullaneous linear equations.

4. Understand thal solulions lo a system ol wo lingar equations
in two variables cormmespond to points of intersection ol their
graphs, because poinls ol inlerseclion salisly koth equations
simultancously.

b. Solve systems of two linear cquations in b0 variables
glgebraically, and estimale solulions by graphing the equations.
Solve simple cases by Inspecion. For example, 3x + 2y = 5 and 3x +
2y =& hove no solufion because 3x + 2y cannol simuffaneously be 5
and é.

C. Solve realworld and mathematical problems leading fo two linear
equations in two varablas. For example, given coordinates for fwo
pairs of points, defermine whether the line through the firsf poirof
paints intersects the ine through the second pair.

Functions 8.F

Define, evaluate, and compare functions.

Undarstand that a function is a nula that assigns to each input exactly
one oulpul. The graph ol a lunclion is the sel ol ordered pairs
consisting of an input and the corresponding output.?

Compare properties of t«0 functions each represented in a different
way (algebraically, graphlcally, numerically in tables, or by wverbal
descriptions). Forexarmple, givenalinear funclionrepresenfedbyatable
of values and alinear function represented by an algebraic expression,
detfermine which funclion has the greaferrate of change.

Interpret the equation v = mx + b as defining a lincar lunclion, whose
qraph Iz a straight ling; give examples of functlons that are not lincar.
Forexample, the funclion A =s5"giving he areg of asquareasafunction
ofitsside lengthisnotlinear becauseits graph contains the points {1, 1),
(2.4) and [3,9), which are notonastraightine.

Use functions to model relationships between quantities.

4

&n

Construct a function to model a linear relationship between two
quantities. Determina tha rate of change and inltial valua of tha
functlon from a description of a relationship or from twa (%, v) valuas,
including reading thesae from a table or from a graph. Inlerprel the rale
of change and inltial value of a linsar function in terms of the situation
it models, and in terms of its graph or a table of values.

Describe qualitatively the functional relationship beltween two
quantitias by analyzing a graph (a.q., whara tha function is increasing
or decreasing, linear or nonlinear). Skelch a graph that exhibits the
qualitative features of a function that has boon described verbally.

Geometry 8.G

Understand congruence and similarity using physical models, trans-
parencies, or geometry software.

Yerily experimentally the properlies ol rolalions, reflections, and
translations:

d. Lines are laken lo lines, and line segments W ine segments of the
samea langth.

h. Angles ara taken to angles of the same maasure,
C. Parallel lines are taken to parallel lines.

Understand that a two-dimensional figure is congruent to another if
tha sacond can ba obtalnad from the first by a sequence of rotations,
reflections, and ranslalions; given wo congruent ligures, describe a
sequence that exhibits the congruence between them.

"Function notalion is nol required in Grade 8,
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Describe the ellect of dilalions, ranslations, rolations, and reflections
on two-dimensional figures using coordinates.

Lindarstand that a fvo-dimansional flgura s simllar to another if the
second can be oblained rom the lirsl by a sequence of rotations,
reflections, translations, and dilations; given two similar bwo-
dimansional flguras, describa a saquanca that exhibits the similarity
between them.

Usa Informal arguments fo establish facts about the angle sum and
exlerion angle of Wiangles, sboul lhe angles crealed whoen parallel lines
ara cut by a transvaersal, and the angle-angle criterion for similarily of
risngles. Forexample, arange lhree copiesofl thesame fiangle so that
the surn of The three angles appears o form a line, and give an argument
in terms of fransversals why this is so.

Understand and apply the Pythagorean Theorem.

L]
[}

Explain a proof of the Pythagorcan Thoeorem and its convarse.

Apply the Pylhagorean Theorem lo delerming unknown side lenglhs
in right triangles in real-world and mathematical problenm s in two and
threa dimeanslons.

Apply the Pythagorean Thaoram to find the distance batwean two
poinls in a coordinale syslam.

Solve real-world and mathematical problems involving volume of
cylinders, cones, and spheres.

9

Statistics and Probability

Krnow the lormulas tor the volumes ol cones, cylindars, and spheres
and usa theam to salva real-world and mathematical probloms.

Investigate patterns of association in bivariate data.

Construct and interpret scatter plots for bivariate measurement
data to Investinate patterns of assoclation batween two quantities.
Describe patterns such as clustering, outliors, positive or negative
assoclatlon, linear assaoclation, and nonlinear assaociation.

kKnow that straight lines are widely used to model relationships

betweon two quantitative variables. For scatter plols thal suggesl a
linasar association, infarmally fit a stralght line, and Informally assoss
lhe model lil by judging the closeness ol lhe dala points to the line.

Use the equation of a linear model to solve problems in the conlext
of hivariate measurament data, interpreting the slope and intercept.
For exarnple, in a inear model for a bivlogy expernment, inferpret a slope
of 1.5 cm/fhras meaning that an addifional hour of sunlighf each day is
associated with anaddifional 1 5 cminmature plantheight.

Understand that pallems of associalion can also be sean In bivariate
catagarical data by displaying frequencies and relalive lrequencies in
a two-way table. Construct and interpret a two-way tahla summarizing
dala on lwo calegorical variables collecled lrom the same subjects.
Usg relative frequencies calculated for rows or columns to describa
possible assoclation between the two varlables. For example, collect
datafromstudentsinyourclasson whetherornottheyhave acufewon
school nights and whether or not they hove assigned chaores af home. Is
there evidence that those wha have a curfew alse fend fo have chores?

8.5P
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Mathematics Standards for High School

Thea high school standards spacify tha mathamatics that all students should
study in order to be college and carcer ready. Additional mathemalics thal
students should leam in order to take advanced courses such as calculus,
advanced slatistics, or discrele mathemalics is indicated by (+), as in this
axample:

() Raprasant complex numbears on the complex plane in rectanguler
and polar form (including real and imaginary numbears).

All standards withaut a (+) symbol should ba In the common mathemalics
curriculum for all college and carcer ready students. Standards witha (+)
symbol may also appear in courses inlended tor all students.

The high school standards are listed In conceptual calegories:

= Mumber and Quantity

«  Algebra

. Funclions

- Modeling

= Geometry

. Statistics and Prababillty

Conceptual categories portray a coherent view of high school
malhemalics; a sludentl's work with lunclions, lor exampla, crosses a
numbar of fraditional course boundarles, potantially up through and
including calculus.

Modeling is best interpreted not as a collection of isolated topics but in
refation lo olher standards. Making mathemalical models is a Slandard for
Mathamatical Practice, and spacific modealing standards appear throughout
the high school standards indicated by a star symbol {(*). The star symbol
somotimes appears on the heading for a group of slandards; in thal case, il
should be understood o apply 1o all slandards in that group.
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Mathematics | High School—Number and
Quantity

Numbers and Number Systems. During the years from kindergarlen lo eighth
grade, studenls musl repealedly extend heir conceplion of numbar. At first,
“numbar” means “counting numbar™ 1, 2, 3... Soon after thal, 0 is used to represent
“nona” and the whole numbars are formed by the counting numbers logether

with Zero, The next extension is fractions. M first, fractions ara baraly numbars and
lied strongly lo piclorial represenlations. Yel by the lime sludents understand
division ol raclions, they have g strong concepl ol ractions as numbers and have
connccted them, via their decimal representations, with the base-ten system usead
o represent the whole numbers. During middle school, lractions are augmentaed by
neqative fractions to form the ratlonal numbars. In Grade 8, students exlend this
system once more, augmenting the rational numbers with tha irational numbars

o torm the real numbers., In high school, students will be exposed to yet another
exlension ol number, when the real numbers are augmented by the imaginary
numbears to form the complax numbears.

With each extension of numbear, the meanings of addition, subtraction,
multiplication, and divislon are extendad. In each new numbear systam—Integears,
rational numbers, real numbers, and complex numbers—the four operations stay
lhe same in tvo important ways: They have the commulalive, associalive, and
distributiva properiies and thelr ners meanings are consistent with their previous
meanings.

Extanding the proparties of whole-number exponents leads to new and productive
notation. For axampla, praparies of whale-numbear exponants suggest that (522
should be 507382 = 51 = § and that 5'? should be the cube rool ol 5.

Calculators, spreadshects, and computer algebra systems can provide ways for
sludents o become beller acquainted wilh these new number syslems and their
notation. They can be used to generate data for numerical expariments, to halp
understand the workings of matrix, vector, and complex number algebra, and to
axparimeant with non-inteqgar axponants.

Quantities. Inrealwaorld problams, the answers are usually not numbers but
guanlilies: numbers wilh unils, which involves measurement. In thalrwork in
measurement up through Grade 8, sludents primarily measura commaonly used
attributes such as langth, area, and volumea. In high school, students encounter a
wider varicty of units in modeling, ¢.g., acceleration, currency conversions, derived
quantitics such as person-hours and heating degree days, soclal sclancea rates such
gs per-capila income, and rales in everyday lile such as points scored per game or
hatting averages. They also encountar novel situations In which they lhemselves
must concaive the attributes of interest. For example, to find a good measure of
owvarall highway safaty, they might propose measuras such as lalalilies per yvear,
fatalitics por year por driver, or fatalitics per vehicle-mile travelaed. Such a conceptual
process is somelimes called gquanlilication. Quanlification is important for science,
as when surface area suddanly “stands out™ as an important variable in evaporalion.
Cuantification is also important for companies, which must conceplualize relevant
attributes and craate or choosa suitabla maasuras for them.
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Number and Quantity Overview

The Real Number System Mathematical Practices

* Extend the properties of exponents to rational 1. Make sense of problems and persevers in
cxponents solving them.

* Use properties of rational and irrational 2 Reason abstractly and quantitatively.

numbers. 3. Construct viable arguments and critique
the reasoning of others.

4 Maodel with mathematics.

Quantities . .
5 Use appropriate tools strategically.

* Reason gquantitatively and use units to g

Attend to precision.
solve problems

1. Look for and make use of structura.

8. Lock for and express regularity in repeated
The Complex Number System reasaning.:

+* Perform arithmetic operations with complex
numhbers

« Represent complex numbers and
their operations on the complex
plane

* Use complex numbers in polynomial identities
and equations

Vector and Matrix Quantities
« Represent and model with vector quantities.
« Perform operations on vectors.

+* Perform operations on matrices and use
matrices in applications.
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The Real Number System MN-RMN

Extend the properties of exponents to rational exponents.

1

Explaln how tha dafinltion of the maaning of rational cxpononts
follows from extending the propertics of integer exponentls lo
thosa valuas, allowing for a notatlon for radicals in toerms of rational
exponants. Forexample, we define 5'% o be the cube root of 5
bacause wewant [§'7)7= 50483 g hold, so (5 must equal 5.

Rowrite expressions involving radicals and rational axponants using
lhe properlies ol exponents.

Use properties of rational and irrational numbers.

1 Explain why lhe sum or product of bwo rational numbers is rational;
that the sum of a rational number and an irrational numbear is Irrational;
and that the product of a nonzero rational numbear and an irational
number is imational.
Quantities* M-y

Reason guantitatively and use units to solve problems.

Use unils as a way o understand problems and o guide the solulion
of multi-step problems; choose and interpret units consistently in
formulas; choosa and intarpret the scale and the orlgin In graphs and
daladisplays.

2 Define appropriate quantitics for the purpose of descriptive modealing.
3 Choosa a lavel of accuracy appropriate to limitations on measuremont
when reporting quantities.
The Complex Number System MN-CM

Perform arithmetic operations with complex numbers.

Know there Is a complex number i such that F = =1, and avery complax
number has the form a + b with o and b real,

Use the relation 2 = -1 and the commutative, associative, and
distributive properties to add, subfract, and multiply complex
numbers.

{+) Find tha conjugata of a complax numbear;, use conjugates to find
meduli and quolients of complex numbers.

Represent complex numbers and their operations on the complex
plane.

A

(+) Represent complex numbers on the complex plane in rectangular
and polar form (including real and imaginary numbers), and explain
why the ractangular and polar forms of a given complex number
represent the same number.,

{*} Represant addition, subtraction, multiplication, and conjugation ol
complex numbers geometrically on the complex plana; use propartias
of this representation for computation. For cxample, (=1 + 4312 =8
because (-1 +3ihasmodulus 2and argument 120°.

(+) Calculate the distance betwean numbears in the complex plane as
lhe modulus ol the dillerence, and the midpoint of a segment as the
average of the numbers at its endpoints.

Use complex numbers in polynomial identities and equations.

I

Solve gquadralic equaltions wilh real coellicients thal have complex
solutions.

(+} Extend palynomial idantitlas to the complex numbears. For example,
rewrite x¥ + 4 as (x + 20(x = 20).

{(+) Fnow lhe Fundamenlal Theorem ol Algebra; show Lhal it is rue for
quadratic polynomials.
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Vector and Matrix Quantities M-V

Represent and model with vector quantities.

3

{(+) Recogniza vactor quantitias as having both magnitude and
direction. Hepresenl veclor guanlilies by directed line seqgments, and
usa appropriate symbols for vectors and their magniludes (e.g., v, [v].

(1w, v

{+) Find the components of a vector by subtracting the coordinates of
an inltlal palnt from the coordinates of a terminal point.

{+) Solve problems involving velocilty and olher guantitics that can be
representod by vectors,

Perform operations on vectors.

4

&

(+) Add and subtract vectors.

a. Add vectors end-to-end, component-wise, and by tha

parallelogram rule. Understand that the magnilude of a sum ol
two vactors s typlcally not the sum of the magnitudes.

bh. Given two vaectors in magnitude and direction form, determine the
magnitude and direction of their sum.

C. Understand vector subtraction v— was v+ (—w), where —wis the
additive Invarse of w, with the sameae magnitude as w and polnting

in the opposile direclion. Hepresent veclor sublraclion graphically
by connecting the tips In the appropriate order, and parform
vector subtraction component-wiso.

{+) Multiply a vector by a scalar.

4. Reprasant scalar multiplication graphically by scaling vectors and
possibly reversing their direction; perform scaler mulliplication
companant-wise, a.q., asciv,, v J=(cv,,cv )

b. Compule the magnilude ol a scalar mulliple v using |jev]] = |c|v.
Compute the directlon of v knowing that when |c|v = 0, the

direction of cv is either along v {lor ¢ = 0} or against v (for o < ),

Perform operations on matrices and use matrices in applications.

6.

10.

1.

12,

(+) Use malrices lo represenl and manipulale dala, e.q., to repreasent
payoffs or incidence relationships in a network.

{+} Multiply matrices by scalars to produce now malrices, e.9., as when
all of the payoffs In a game are doublad.

{+) Add, sublracl, and mulliply malrices ol approprdate dimensions.

{+) Understand that, unlike multiplication of numbars, malrix
multiplication for square matrices Is not a commutative operation, but
slill salislies the assodialive and distribulive propertles.

{+) Understand that the zoro and identity matrices play a rale In matrix
additlon and multiplicatlon similar to the rale of 0 and 1 in the real
numbers. The delermminant of a square maltriz is nonzero if and only if
tha matrix has a multiplicative iInverse.

{+) Multiply a vector (regarded as a matrix with ona column) by a
matrix of suitable dimanslons to produce anothar vector, Work wilh
malrices as lransformalions o veclors.

{+) Work with 2 = 2 matrices as transformations of tha plana, and
interpret the absolute value of the determinant In terms ol area.
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Mathematics | High School—Algebra

F_xprESSi{:InS.An eapressionisarecord of a computation with numberns, symbols
that represant numbars, arithmeatic oparations, expaonantlation, and, at more
sdvanced levels, lhe operalion ol evalualing a lunclion. Conventlons about the
use of parentheses and the order of operations assure that cach expression is
unambiquous. Creating an exprassion that describas a computation involving a
general quantily reqguires the abilily lo express (he compulation In ganaral tarms,
abstracting from specific instances.,

Raading an expression with comprahansion Involves analysks ol ils underlying
structure:. This may suggest a different but equivalent way of writing the axprassion
that exhibits some different aspect of its meaning. For example, p + 0.050 can ba
Interpreted as the addition of a 5% tax to a price p. Rewriting 2 + 0.050 as 1.050
shovws that adding a tax is the samea as multiplying the price by a conslant laclor.

Algebraic manipulations are govemed by the properties of operations and
exponents, and the conventions of algebraic notation. At timas, an axprassion s the
ressult of applying operations to simpler expressions. For exampla, o+ 0.050 s tha
sum of tha simplar axprassions p and 0.05p. Viewing an axprassion as the result of
operation on simpler expressions can sometimes clarify its underlying structure:.

A spreadsheet or a computer algebra system (CAS) can be used to experiment
with algebralc exprassions, parform complicated algebrale manipulations, and
understand how algebraic manipulations behave.

Equations and Inequalities. An equation Is a statement of equality betwesn tva
expressions, ollen viewed as a queslion asking for which values ol the variables the
aexpressions on either side are in fact equal. These values are the solutions to the
equalion. An idenlily, in conlrasl, is tue for all values of lhe varables,; identitles are
often developed by rewriting an expression in an equivalent lorm.

The solutions of an equation in one variable form a set of numbers; the solulions ol
an aquation In tvo varlablas farm a sat of orderaed pairs of numbers, which can be
plotted in the coordinate plane. Two or more equations andfor inequalities form a
system. A solution for such a system must satisfy every eguation and incgquality in
the system.

An equation can often be solved by successively deducing from it one or more
simpler equations. For example, one can add the same constant fo both sides
wilthoul changing the solulions, bul squarng bolh sides mightl lead o exlransows
solutions. Strateqgic competanca In salving Includes looking ahead for productive
manipulations and anticipating the nature and number of solulions.

Some equalions have no solulions in a given number syslem, but have a solution

in a larger system. For example, the solution of x + 1 = 0 is an inleger, nol a whole
numhbear; tha solution of 2x + 1 = 0 Is a rational number, not an integer; the solutions
of x7 — 2 = [ gre real numbers, nol rational numbers; and the solutlons of x* + 2 =0
arg complex numbers, not real numbers.

The same solution techniques used to solve equations can be used lo reamange
farmulas. For example, the formula for the area of a frapazoid, A = ((b,+b.y2)h, can
b solved for b using the same deductive procoss.

Inequalilies can be solved by reasoning aboul the properlies of ineguality. Many,
but not all, of the properties of equality continue to hold for inequalitles and can ba
usaful in solving them.

Connections to Functions and Modeling. Expresswns can define functions,
and cquivalont expressions define the same function. Asking whan twa funclions
have the samea valuea for tha same Input leads to an equation; graphing the two
functions allows for finding approximate solutions of the aquation. Converting a
verbal description lo an equalion, inequalily, or syslem ol these is an essenlial skill
Inmodeling.
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Algebra Overview

Seeing Structure in Expressions
+ Interpret the structure of expressions

» Write expressions in equivalent forms to solve
problems

Arithmetic with Polynomials and Rational
Expressions

« Perform arithmetic operations on palynomials

+ Understand the relationship between zeros and
factors of polynomials

* Use polynomial identities to solve problems

* Rewrite rational expressions

Creating Eguations

* Create equations that describe numbers or
relationships

Reasoning with Equations and Inequalities

* Understand solving eguations as a process of
reasoning and explain the reasoning

+ Solve equations and inequalities in one variable
* Solve systems of equations

* Represent and salve equations and
inequalities graphically

Mathematical Practices

i.  Make sense of problems and persevere in
solving them.

Z Reason abstractly and quantitatively.

3. Construct viable arguments and critique
the reasoning of others.

4 Modelwith mathematics.

5 Use appropriate tools strategically.
6. Attendtoprecision.

1. Loock for and make use of structura.

8. Look for and express regularity in repeated
reasoning.
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Seeing Structure in Expressions A-SSE

Interpret the structure of expressions
1. Intorprot expressions that represent a quantity in terms ol ils conlexl.*

a. Inlerprel parls ol an expression, such as tenms, factors, and
coellicienls.

b. Interpret complicated expressions by viewing one or more of thoir
paris as a singla antity. For example, inferpret P+ as the product
of Pond a foctor not depending on P

2 Use the structure of an expression to identify ways ta rewrite it For
example, see X*—y* as (F - (WY, thusrecognizing itas o difference of
squares that can be factored as (87 = y7)(x" +« v7).

Write expressions in equivalent forms to solve problems

1 Choose and produce an equivalent form of an cxprassion to reveal and
explain propertles of the quantity represented by the expression.*

4. Factor a quadratic exprassion fo reveal the zeros of the function it
daflnas.

b. Complete the square in a quadratic expression to reveal the
maximum or minimum valuge of the function it defincs.

C. Use the properties of exponents to transform expressions for
axponantlal functions. Forexomple the expression 1. 158 can be
rewritten as (1,152 = 1 0122 o reveal the opproximote equivalent
maonthlyinterestrofeif the annualrateis 1.5%.

4, Derive the formula lor the sum of a linile geomelic saras (whan the
common ratio is not 1), and use the formula to solve problems. For
example, calculale maorlgoge pavmenls. *

Arithmetic with Polynomials and Rational Expressions A-APR
Perform arithmetic operations on polynomials

1. Undersland thal polynomials Tonm a system analogous o the inlegers,
namaly, they are closed under the operations of addition, subtraction,
and mulliplication; add, subtract, and mulliply polynomials.

Understand the relationship between zeros and factors of
polynomials

2 Know and apply the Remainder Theorem: For a polynomial p(x) and a
number g, the remainder on division by x — g is p(a), so p{a) = 0 il and
anly If (x — a1} Is a factor of p(x).

1 Idenlily zeros ol polynomials when suilable laclorizations are
available, and use the zeros to construct a rough graph of the lunclion
defined by the polynomial.

Use polynomial identities to solve problems

4  Prove polynomial identiies and use tham to descrbe numerical
relationships. For example, the polynormial identify (2 + y2)2 = (x2 - p2)2 +
{2y P ocon be used lo generale Pythogorean friples.

&n

{+) Know and apply the Binomial Theorem for the axpansion of (x

+ v in powers of x and v for a positive integer n, wheara ¥ and v are
any numbears, with coafflciants detarminad for example by Pascal's
Triangle."

The Binomial Thoorem can be proved by mathematical induction or by a com
binatorial argumeant.
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Rewrite rational expressions

Hewrile simple rational expressions in dillerent tonns; write 90 ) h(x)
in the form g(x) + rxkb(x). where ax), Bx), g(x). and r(x) are
polynomials with the dagree of r(x) less than the degrea of bix), using
inspeclion, long division, or, lor lhe more complicaled examplas, a
computer algebra system.

{+) Lindarstand that rational exprassions form a system analogous
to the rational numbers, closed under addition, subtraction,
mulfiplication, and divislon by a nonzero ratlonal expression; add.
sublracl, mulliply, and divide rational expressions.

Creating Equations® A-CED

Create equations that describe numbers or relationships

Reasoning with Equationsand Inequalities

Create equations and inequalitics in one variable and use them to
salveproblams. Include equationsansing framiinearand quadralic
funclions, and simple rafionaland exponeniial funclions.

Craate equations in two or more variablas to represent relationships
between gquanlilies; graph equalions on coordinale axes wilh labels
andscales.

Represent constraints by equations or inequalitics, and by systems of
equations and/or Inequalities, and interprat =solutlons as viable or non-
viable oplions in a modeling contexl. For example, representinegualifies
describing nutdtional and cost constraints on combinations of different
foordds.

Hearmange lormulas to highlight a guantity of interest, using the same
reasoning asinsolving equations. Forexample, reamange Ohm 'slawv =
IR to highlight resistance K.

Understand solving equations as a process of reasoning and explain
the reasoning

Explain each step in solving a simple equation as following from the
aquality of numbers asserted at the pravious step, starting from the
assumplion thal the orginal equaltion has a solution. Consbrucl a
viable argument to Justify a solution mathod.

Solve simple rational and radical aquations In ane variable, and give
examples showing how exlraneous solulions may arlsa.

Solve equations and inequalities in one variable

3

L]

Saolve linear equations and Inequalities In ona variable, including
equalions wilh coellicienls represenlted by letlers.

Solve quadratic equations in one variable.

a. Use the method of completing the square to transform any
quadratic equation In % Into an equation of the form (x —pyJ = g
that has the same solutions. Derive the quadratic formula from
this form.

b. Solve quadratic equations by inspection (e.g., for x2 = 49), taking
square rools, compleling lhe square, the guadratic formula and
factoring, as appropriate to the initial form of the egualion.
Recognize when the quadratic formula gives complex solutlons
and write them as a % bi for real numbers o and b.

Solve systems of equations

-

Hrove thal, given a syslem ol two equalions in wo variables, replacing
one equation by the sum of that equation and a multiple of the other
produceas a systam with the same solutions.

A-REL
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Solve systems ol linear equalions exaclly and approximataly (e.q., with
graphs), focusing on pairs of lincar equations in two variables.

Solve a simple systam consisting of a linear equation and a quadratic
equalion in o variables algebraically and graphically. For example,
find the points of infersection befween the ine v = -3x and the circle x* +
wi=1

{*) Reprasant a systam of linear aquations as a single matrix eguation
In a vector varlabla.

() Find the Inverse of a matrix if it axists and usa il lo solve syslens
of linear equalions (using lechnology tor malrices of dimension 3 = 3
or greater),

Represent and solve equations and inequalities graphically

10

1"

12,

Understand that the graph of an aquation In two variables is the sel of
gll ils solulions plolled in the coordinate plane, oflen forming a curve
{(which could be a line).

Explain why the x-coordinates of the polnts whera the graphs of
lhe equalions v = f{x) and v = g(x) intersect are the solulions of the
equation fix) = g(x); find the solutions approximatehy, @.g., using
technology to graph the functions, make tablas of valuas, or find
successive approximations. Include cases where f(x) and/or g(x)
are linear, polynomial, rational, absolute value, exponential, and
logarthmic functions.*

Graph the solulions 1o a linear inegualily in wo variables as a hall-
plana (excluding the boundary in the case of a strict inequality), and
graph the solulion sel lo a syslem ol linear inegualltles In two variables
as the intersection of the comesponding half-plancs.
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Mathematics | High School—Functions

Functions describe situations where one quantity determines another. For example,
the retum on $10,000 Investad at an annualized parcantage rate of 4. 250% is a
function of the length ol lime the money is invested, Becausa wa continually makea
theories about dependencios botwoon quantities in nature and sociely, lunclions
are Impartant tools In the construction of mathamatical models.

In school mathematics, functions usually have numerical inputs and outputs and are
often defined by an algebraic expression. For cxample, the timea in hours I takes for
a car to drive 100 miles Is a functlon of the car's spead In miles per houwr, v; the ule
Tiv) = 1000 expresses this relalionship algebraically and defines a function whose
namda is T.

The sel of inpuls o a lunclion is called ils domain. We oflen infer the domain to be
all inputs for which the expression defining a function has a valua, ar for which the
function makas sensa in a given context.

A function can be described in various ways, such as by a graph (e.q., tha frace of
g seismograph); by a verbal rule, as in, "I'll give you a slale, you give me the capital
city:” by an algebraic expression like fix) = g + bx; or by a recursive rule. The graph
of a function s often a useful way of visualizing the relationship of the function
medels, and manipulaling a mathemalical expression Tor a lunclion can throw light
on the function's propertias.

Functions presented as expressions can model many important phenomena. Two
Important familles of funclions characterized by laws of growth are linear functions,
which grow al a conslant rale, and exponential Tunclions, which grow al a conslant
percent rate. Linear functions with a constant term of zero describe proportional
relationships.

A graphing ulility or a compuler algebra syslem can be used to expariment with
propertics of these functions and their graphs and to build computalional models
of functions, Including recursivaly daefined functlions.

Connections to Expressions, Equations, Modeling, and Coordinates.

Determining an output value for a particular input involves evaluating an expression;

finding Inputs that yield a glven output Involves solving an equation. Questions
aboul when two lunclions have the same value Tor the same inpul lead lo
equations, whose solutions can be visualized from the interscction of their graphs.
Because lunclivns describe relalionships bebveen gquanlilies, they are frequently
uscd in madeling. Sometimes functions are defined by a recursive process, which
can ba displayed affactivaly using a spreadshaat or othar technology.
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Functions Overview
Interpreting Functions

* Understand the concept of a function and use
function notation

s Interpret functions that arise In applications in
terms of the context

+ Analyze functions using
different representations

Building Functions

s Bulld a function that models a relationship
between two quantities

* Build new functions from existing functions

Linear, Quadratic, and Exponential Models

» Construct and compare linear, quadratic, and
exponential madels and solve problems

* Interpret expressions for functions in terms of
the situation they maodel

Trigonometric Functions

* Extend the domain of trigonometric functions
using the unit circle

* Model periodic phenomena with trigonometric
functions

+ Prove and apply trigonometric identities

Mathematical Practices

L

2

Make sense of problems and persavere in
solving them.

Reason abstractly and quantitativaly.

Construct viable arguments and critique
the reasoning of others.

Model with mathematics.

Use appropriate tools strategically.
Attend to precision.

Lock for and make use of structura.

Lock for and express regularity in repeated
reasoning.

| sSuorRDuNd —ooys YBiH

89



Interpreting Functions F-IF

Understand the concept of a function and use function notation

1 Undarstand that a function from ane sat (called the domain) to
anolher sel (called lhe range) assigns 1o each elemant of the domain
exactly one alement of the range. If f is a function and x is an element
af Its domain, then f(x) danotas the output of F comesponding to the
inpul x. The graph ol [ is the graph ol the equalion y = f{x).

2 Us=sa function notation, evaluate functlons for inputs in their domains,
and inlerpret slalements thatl use lunclion nolation in terms of a
contoxt.

1 Recognize that sequences are functions, sometimes defined
recursively, whose domain is a subset of the integers. For example, the
Fikonoccisequenceisdefinedrecursively by (0] =1 ) = 1, f[n+1) =f{n) +
fin-1)fornz1.

Interpret functions that arise in applications in terms of the context

4. For a lunclion thal models a relalionship belween wo quantilies,
interpret key features of graphs and tables in terms of the quantities,
and skelch graphs showing key lealures given a verbal descriplion
of the relationship. Key fealures include; infercepls; infervals where the
functionis increasing, decreasing, posifive, or negafive; relative maximums
and minimums; symmefies; end behavion and pedodicity.

5 Relata the domain of a functlion to its graph and, whare applicabla, to
the guantitative relalionship it describes. For exarnple, if the funclion
hin) gives the numberof person-howrsif takes to assemble nenginesing
factory, then the posifive infegers would be an appropriate domain forthe
function. =

. Calculate and interpret the average rate of change ol a funclion
(presentad symballcally or as a tabla) ovar a speacified interval.
Eslimale e rale of change om a graph.*

Analyze functions using different representations

T Graph functions expressad symbolically and show kay featuras of
the graph, by hand in simple cases and using lechnology lor more
complicated casaes. >

a. Graph linear and quadratic functions and show inlercepls,
maxima, and minima.

b. Graph square root, cube root, and piccowise- delined funclions,
including slep lunclions and absolule value lunctions.

C. Graph polynomial lunclions, idenlilyving zeros when sultable
laclorizalions are available, and showing end behavior.

d. (+) Graph rational functions, identifying zeros and asymptotes
when sultahle factorizations are avallable, and showing end
behavior.

€. Graph exponenlial and logarithmic lunclions, showing intercepts
and and ehavior, and trigonomeatric functlons, showing period,
midline, and amplilude,

8 Write a function defined by an expression in differant but equivalant
forms to revaal and explain different proparties of the function.

a. Use the process of factoring and completing the squara in a
gquadratic funclion o show zeros, exireme values, and symmetny
ol the graph, and inlerprel these in lemms of a conlexl.

b. Use the properties of exponents to Interpret expresslons for
exponential functions. Forexample, identify percent rate of change
infunctionssuchasy =102, y= (0975, y=[1.01)™ y=[1.2)"* and
classify them as representing exponential growth or decay.
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4 Compare properlies ol bvo funclions each representad In a diffarant
way (algabraically, graphlcally, numarecally in tables, or by verbal
descnptions). For example, given o graph of one guadrafic funchion and
an algebraic expresson for another, say which hos the larger maximum.

Building Functions F-BF

Build a function that models a relationship between two quantities
1 Wrlta a functlon that describes a relationship batwesn two quantilies,*

4. Determine an explich exprassion, a recursive process, or sleps o
calculation from a contoxt.

b. Combine standard function types using arthmetic operations. For
example, build a function thaf models the temperature of o cooling
bcly by adding o consfant funcion fo a decaying exponential, and
relate these functions to the model.

C. (+) Compose functions. For example, if Tfy) is the tempercfure in
the atmosphere as a function of height, and h(flis the height of o
weather balloon as a function of ime, then TR} is the temperature
al the locafion of the weather ballvon as a funclion of fime.

2 Write arithmetic and geometric sequences both recursively and
with an expliclt formula, use them to model situations, and translate

between lhe two lonms.*

Build new functions from existing functions

3 Identify the effect on the graph of replacing fix) by fi) + & & fix),
fikx), and fix + k) for specific values of k (both positive and negative);
find the value of k given the graphs. Experiment wilh cases and
listrate an explanation of the effects on the graph using technology.
Include recognizing even and odd funchions from theirgraphs and
algebraic expressions for them.

4 Find inversa functions.

a. Solve an equation of the form fix) = ¢ for a simple function f
thal has an inverse and wrile an expression lor the inverse, For
example, fix] =2x*arffx]=[x+1])f{x=1)forx=1.

b. (+) Varlfy by composition that ona function Is the inverse of
anothar.

. {+) Read values of an inverse function from a graph or a lable,
given that the function has an inversc.

d. (+) Produce an invertible function from a non-invertible lunction
by reslricling the domain.

S, (+) Understand the inverse relalionship between exponants and
logarithms and use Lhis relationship o solve problams Involving
logarithms and exponents.

Linear, Quadratic, and Exponential Models™ F-LE

Construct and compare linear, quadratic, and exponential models
and solve problems

1 Distinguish bataaen siuations that can ba modealaed wilh linear
lunclions and wilh exponential lunclions.

a. Prove lhal linear lunclions grow by equal dillerences over equal
intarvals, and that exponantlal functions grow by equal laclors
ovar equal Intervals.

b. Recognize situations in which one quantity changes at a constant
rate per unit interval relative to another.

C. Hecognize silualions in which a quanlily grows or decays by a
conslant percent rale per unil interval relative o anolther.
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Construct linear and exponenlial lunclions. including arithmeatic and
goometric sequences, given a graph, a description ol a relalionship, or
o Input-output pairs (Include reading thasa from a table).

Observe using graphs and lables thal a guanlily increasing
axponentially eventually excoods a quantity increasing linearly,
quadratically, or (mora genarally) as a polynomlal function.

For exponenlial models, express es g logarilhm the solutlon to
ab®=dwhere g, o, and d are numbers and the baso b 1s 2, 10, or e:
evaluale the logarithm using lechnology.

Interpret expressions for functions in terms of the situation they
model

]

Interprat the paramatars In a linear or exponantlal function in terms ol
a conlexl.

Trigonometric Functions F-TF

Extend the domain of trigonometric functions using the unit circle

Undersland radian measure of an angle as the length ol the arc on the
unit circle subtended by the angle.

Explain how the unit circle in the coordinate plane ecnables the
aextension of tigonameatric functions to all real numbears, intarpreted as
radian measures ol angles raversed counterclockwise around the unil
circla.

{+) U=a spaclal trianglas to datarmine geomeatrically the values of sina,
cosine, tangent for /3, /4 and /6, and use the unil circle o express
the valuas of sina, coslne, and tangant for n=x, o+x, and 2a-x in terms
ol their values lor x, where x is any real number.

{+) Use the unit circle to explain symmetry (odd and even)and
periodicity of trigonometrc functions.

Model periodic phenomena with trigonometric functions

-

Choose rigonomelric lunclions o model periodic phenomena wilh
specified amplitude, frequency, and midline.*

(+) Undersland thal restricling a rigonomelric lunctlon to a domain
an which it is always increasing or always decreasing allows ils inverse
to ba constructed.

(+) Use inverse lunclions lo solve rigonomelric equations that arlse
in modeling conlexls; evaluale the solulions using technology, and
interpret them in terms of the context.™

Prove and apply trigonometric identities
8 Prove the Pythagorcan identity sin?(8) + cos?(@) = 1 and use il lo lind

sin{@). cos{d), or tan(8) given sin(B), cos(@), or tan(®) and the quadrant
ol the angle.

{+) Prove the addition and subtraction formulas for sine, cosinge, and
tangent and usa them to solve problams.
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Mathematics | High School—Modeling

Modaling links classroom mathematics and statistics to overyday lite, work, and
dacision-making. Modaling Is the process of chonsing and using appropriato
mathemalics and slalislics o analyze empirical silualions, 1o undersiand tham
better, and o improve decisions. Quantities and their relationships in physical,
aeconomie, public polley, social, and evaryday situations can bo modeled using
mathemalical and stalistical methods, When making mathematical modeals,
technology is valuable for varying assumptions, exploring consequences, and
comparing prodictions with data.

A model can be very simple, such as wriling lolal cosl as a product of unit price
and number bought, or using a geometric shapo to describa a physical ablect like
a coin. Even such simple models involve making choices. Itis up lo us whalher

o modal a coin as a three-dimensional cylinder, or whathar a bvo-dimensional disk
works well enough for our purpeses. Olher silualions—modeling a delivery

route, a production schedule, or a comparison of loan amortizations—nead mora
aelaborate models that usa other fools from the mathematical sciences. Heal-world
silualions are nol organized and labeled lor analysis; formulating tractable models,
reprasanting such modals, and analyzing them Is approprately a creative process.
Like every such process, this depends on acquired expertise as well as creativity.

Some examples of such siluations mighl include:

- Estlimating how much waler and lood is needed lor emergency
relicf in a devastated city of 3 million people, and how it might be
distributed.

. Planning a tabla tennis tourmameant for 7 playars at a club with 4
lables, where each player plays againsl each olher player.

. Dasigning the layout of tha stalls in a school fair so as to raise as
much money as possible,

=  Analyzing stopping distance for a car.

= Modaling savings account balance, bacterial colony growlh, or
investmenl growlh.

- Engaging in critical path analysis, e.9., applied 1o lumaround of an
aircraft at an airport.

+  Analyzing risk In situations such as extrame sports, pandamics,
and lemorism.

. Relating population statistics to Individual predictions.

In situations like thasea, the modals davisad dapand an a number of factors: How
precise an answer do we wanl or need? Whal aspecls ol lhe situation do we most
nead to understand, contral, or optimize? What resources of lime and lools do we
hawva? Tha range of modeals that wa can create and analyzea Is also constrained by
the limitations of our mathematical, stalistical, and lechnical skills, and our ability
to recognize significant variables and relationships among them. Diagramss ol
various kinds, spreadsheats and othar tachnology, and algabra are powerful tools
for understanding and solving problems drawn from different types of real-world
sltuations.

One of the Insights provided by mathematical modeling Is thal essenlially the same

mathemalical or statislical structure can somelimes model secomingly different

situations. Models can also shed light on

the mathematical structures themselves, -
for exampla, as when a modal of bactarial Problem Formulate Validate
growlh makes more vivid the explosive
growth of the exponential function.

The basic modeling cycle is summarized in the diagram. It
Involves (1) Identifying variables In the sltuation and selecting ( cumpu;aH Interpret )
those that represent essontial features, (2) formulating

a modal by creating and selacting geometric, graphical,
labular, algebraic, or slalislical representations thal describe
redationships between the varables, (3) analyzing and performing operations
on thase relationships to draw conclusions, {(4) Interprating the results of the
mathemalics in lerms ol the orginal silualion, (5) validating the conclusions by
comparing them with the situation, and then cither improving the model or, i it
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is acceplable, (8) reporting on the conclusions and Lhe reasaning behind tham.
Choices, assumptions, and approximations are presoent throughoul this cycle.

In descriptive modeling, a modal simply doscribes the phenomena or summarnices
tham In a compact farm. Graphs of ahsarvations are a familiar descriptive model
lor example, graphs ol global lemperalure and almospheric CO |, ovar lime.

Analytic modaling seaks to explaln data on the basis of deapor theorotical ideas,
albeil wilh paramelers thal are empirically based; lor example, expoanantial growih
of bactarial colonias (until cut-off maechanisms such as pollution or starvation
Intervena) follows from a constant reproduction rate. Functions are an Impartant
toal for analyzing such problems.,

Graphing utilities, spreadsheets, computer algobra systems, and dynamic geometry
software are powerful tools that can be used to model purely mathamalical
phanomeana (e.q., the hahavior of polynomials) as well as physical phenomena.

Madeling Standards Modeling is best inferpreted not as a collection of solafed
lopics bul ratherinrelafion fo other standards. Making mathemaofical models is

a Standard for Mathemafical Prochice, and specific modeling standards appear
throughout fhe high school stondards indicaled by a slar syrbol (*).
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Mathematics | High School—Geometry

An understanding of the attributes and relationships of goomelric objecls can be
applied In divarse contaxts—Interprating a schamatic drawlng, estimating the amount
ol wood needed (o rame & sloping rool, rendering computer graphics, or designing a
sawing pattemn for the most afficlant use of matearial,

Although there are many types of geometry, school mathemalics is devoled primarily
o plane Cuclidean geometry, studied both synthetically (without coordinates) and
analytically (with coordinates). Euclidean geometry Is charactarized most importantly
by the Parallel Postulata, that through a point not an a givan line there is exaclly one
parallel line. {Spherical geomelry, in contrasl, has no parallel lines. )

Dwring high school, students begin lo lormalize their geometry oxpenonces from
elementary and middle school, using more precise delinilions and develaping carcful
proofs. Later in college some students develop Euclidean and othaer gaomatrias carafully
from a small et of axloms.

The concepts of congruance, similarity, and symmeatry can be understood from

the perspeclive of geomelric ranslormalion. Fundamenlal are the rigid motions:
franslations, rotations, reflactions, and combinations of thesa, all of which are hare
gssumed o preserve dislance and angles (and therelore shapes generally). Helleclions
and rotations cach explain a particular type of symmetry, and the symmetries of an
abject offer insight into its atfributas—as when the reflactive symmetry of an Isoscalas
riangle assures thal ils base angles are congruenl.

In the approach taken here, two geometric fiqgures are dafined to be congruant if thera

is a sequence ol rigid molions thal carries one onlo the olher. This is the principle

of superpasition. For trlangles, congmiance meaans the equality of all corrasponding
pairs of sides and all coresponding pairs ol angles. During the middle grades, through
axpercnces drawing tiangles from given conditions, students notice ways to specify
enough measures in a riangle o ensure thal all liangles drawn with those measuras are
congrucnt. Once these triangle congruence criteria (ASA, SAS, and 555) are eslablished
using rigld motions, they can be used fo prove theorams about triangles, quadrilaterals,
and olher geomelric ligures.

Similarity transformations {rigid motions followed by dilations) dafine similarity

in the same way thal rigid molions deline congruence, thereby lormalizing the
similarity ideas of "same shape™ and "scale factor” developed in the middie grades.
Theaesea fransformations lead to the criterdon for triangle similarity that two pairs of
cormresponding angles are congruent.

The definitions of sine, cosine, and tangent for acute angles are lTounded on righl
trianglas and similarity, and, with the Pythagorean Thaoram, are fundamental in many
real-world and theorelical silualions. The Pylhagorean Theorem |5 genaralized to non-
right triangles by the Law of Cosines. Together, the Laws of Sines and Cosines embody
the trlangle congruenca critaria for tha cases whare three picces of information suffice
lo complelely solve a lriangle. Furthermore, these laws yield tvo possible solutions In
the ambiguous case, illustrating that Side-Side-Angle is not a congruence crilerion.

Analytic goometry connects algebra and geometry, resulting in powerlul methods

of analysls and prablam solving. Just as the number line associates numbers with
locations in one dimension, a pair of perpendicular axes assoclatas palrs of numbars
with lecations in two dimensions. This correspondance babtween numerical coordinales
and geomelric poinls allows methods rom algebra o be applied to geometry and vice
versa. The solution set of an equation becomes a goometric curve, making visuallzation
a tool for dolng and undarstanding algebra. Geometric shapes can be described by
aequations, making algebraic manipulation into a tool for geometric understanding,
modeling, and prool. Geomelric ranslonmalions of the graphs of equations comespond
to algebraic changes in their equations.

Dynamic geometry environments provide students with exparimeantal and maodaling
toals that allow them to Invastigate geomeatric phenomena in much the same way a5
compuler algebra syslems allow them o experiment wilh algebraic phenomena.

Connections to Equations. The comespondence between numerical coordinales
and geometric points allows methods from algebra to be applied to geometry and vice
varsa. The solutlon set of an equation becomes a geomeatric curve, making visualization
# ool lor doing and understanding algebra, Geomelric shapes can be described by
cquations, making algebraic manipulation into a tool for geometric understanding,
mexdeling, and proof.
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Geometry Overview
Congruence
» Experiment with transformations in the plane

+ Linderstand congruence in terms of rigid

motions
* Prove geometric theorems

* Make geometric constructions

Similarity, Right Triangles, and Trigonometry

* Understand similarity in terms of similarity
transformations

* Prave theorems involving similarity

+ Define trigonometric ratios and solve problems
involving right triangles

+* Apply trigonometry to general triangles

Circles
s Understand and apply theorems about circles

+ Find arc lengths and arcas of sectors of circles

Expressing Geometric Properties with Equations

+ Translate between the geometric
description and the equation for a conic
section

+ Use coordinates to prove simple geometric
thearems algehraically

Geometric Measurement and Dimension

s Explain volume formulas and use them to solve
problems

+ Visualize relationships between two-
dimensional and three-dimensional objects

Modeling with Geometry

« Apply geometric concepts in
modeling situations

Mathematical Practices

L

Make sense of problems and persavere in
solving them.

Reason abstractly and quantitatively.

Construct viable arguments and critique
the reasoning of others.

Model with mathematics.

Use appropriate tools strategically.
Attend to precision.

Lock for and make use of structura.

Lock for and express reqularity in repeated
reasoning.
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Congruence

Experiment with transformations in the plane

&

Know praclisa dafinitions of anglae, clrele, parpandicular line, parallcl
line, and line segment, based on the undeflined nollons of paint, line,
distance along a line, and distance around a circular arc.

Raprasant transformations in the plana using, e.q., fransparcncics
and geomelry sottware; describe transtormations as functions that
take points in the plana as inputs and give other poinls as oulpuls.
Compare ransformalions thal preserve dislance and angle to thosa
that do not {2.9., translation versus horizontal streteh).

Given a rectangle, parallelogram, trapezoid, or regular polygon,
describe the rotations and reflections that camry it onto tsealf.

Deavalop definitlions of rotations, reflactlions, and translations in lerms
ol angles, circles, perpendicular lines, parallel lines, and line segmants.

Given a geometric figure and a rotation, reflection, or translation,
draw Llhe ranslornmed ligure using, e.g., graph paper, racing paper, or
geometry software. Specify a sequence of transformations that will
carry a given figura onto anather.

Understand congruence in terms of rigid motions

L3

Use geomelric descriplions of rigid molions o ranstormm ligures and
to predict the effect of a given rigid motion on a given figure; given
two flguras, use the dafinition of congruance In tarms of rgld motlions
lo decide il they are congruenl.

Lza thea definition of congruence In terms of rigld motions to show
lhal two triangles are congruent il and only il comesponding pairs of
sides and corresponding pairs of angles ane congruent.

Explain how the criteria for trlangle congruence (ASA, SAS, and 5353)
Iollow Trom the delinilion of congruence in terms of rigid molions.

Prove geometric theorems

9

10.

11

Prowe thoeorems about lines and angles, Theorems include: verfical
angles are congruent; when a fransversal crosses poralel lines, alfemate
interior angles are congruent and comesponding angles are congruenl;
paints on o perpendiculor bisector of a line segment arc exactly those
equidisfant from the segment’s endpoints.

Prove theorems about triangles, Theorems include: measwes of inferor
angles of a fiangle sum fo 1807 baze angles of sosceles fnangles ane
congrueni; the segrment joining midpoinis of wo sides of a friangle s
paraliel to the third side and half the length; the medions of o fnangle
meeatatapaint.

Praove theorems about parallelograms. Theorems include: opposite
sides are congruent, opposite angles are congruent, the diagonals
of a parafelogram bisect each ofher, and conversaly, reclongles are
paratelograrms with congruen! dicgonals,

Make geometric constructions

12,

13

Make formal geometric constructions with a variety of tools and
melhods (compass and straighledge, slbing, relleclive deovices,
paper lolding, dynamic geomelric solbvare, ele.). Copying g scgment;
copying an angle: bisecting o segment; bisecting an angle; consfructing

perpendicular ines, including fhe perpendicular biseclor of a line segrmenti;

and caonsfructing o fine paralied fo o given ine through o point not on the

Construcl an equilateral riangle, a square, and a regular hexagon
inscribed in a circle.
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Similarity, Right Triangles, and Trigonometry G-SAT

Understand similarity in terms of similarity transformations

1 Verify exparimantally the propartiaes of dilations glven by a conter and
a scale laclorn:

a. A dilation lakes a line nel passing through the canter of the
dilation to a parallal line, and leavas a lina passing through the

centerunchangod.

b, The dilation of a line scament is longer or shorter In tha ratio
given by the scale factor,

2 Given two figures, use the definition of similarity in tarms of similarihy
transformations to decide if they are similar; explain using similarihy
transformations the meaning of similarity for trlangles as the egualily
ol all comesponding pairs ol angles and lhe propotionality of all
corresponding pairs of sides.

3 Use the properties of simllarity transformations to eslablish lhe AA
criterion for two triangles to be similar.

Prove theorems involving similarity

4 Prove theaorams about triangles. Theorems include: a line parallel o one
side of g fnangle divides the other two proporionally, and conversely; the
Pythagorean Theorem proved using fiangle similarity.

5 Us=se congruanca and simllarity criteria for trlangles to solve problams
and lo prove relalionships in geomelric ligures.

Define trigonometric ratios and solve problems involving right
triangles
. Understand that by similarity, side ratios in right triangles are

properties of the angles In the trlangle, leading to definitions of
trigonometric ratios for acule angles.

1. Explain and use the relationship between the sine and cosine of
complameantary angles.

&  Usae trigonomaeatric ratlos and the Pythagorean Theoram to solva right
triangles in applicd problems.™

Apply trigonometry to general triangles

4 (+) Derive the lomula A = 172 ab sin{C) for the area of a triangle by
drawing an auxiliary line from a vertex perpendicular lo the opposile
sida.

10 (+) Prove the Laws ol Sines and Cosines and use tham to solve
problems.

1. {+) Undarstand and apply the Law of Sines and tha Law ol Cosines
o find unknown measuremenls in righl and non-right triangles (e.qg.,
surveying problems, resultant forces).

Circles G-C

Understand and apply theorems about circles

1. Prove thal all circles are similar.

2 MWenbly and descnbe relabonships among mscnbed angles, radii,
and chords, include the relationship between central, inscribed, and
circumscnbed angles; inscribed angles on a diomelerare nghl angles;
the radius of o circle is perpendicular fo the fangent where the radius
intersecis the circle.

3 Construct the inscribed and circumscribed circles ol a risngle, and
prove properties of angles for a quadrilateral inscribed in a circle.

4 (+) Construct a tangant line from a point outside a given circle to the
circle.
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Find arc lengths and areas of sectors of circles

5 Derive using similarity the fact that the length of the arc inlercepled
by an angle is proporional lo the radius, and deflina tha radian
measure of the angle as the constant of propartionalily; derive Lhe
formula for the area of a sactor.

Expressing Geometric Properties with Equations G-GPE

Translate between the geometric description and the equation for a
conic section
. Derive the equalion ol a circle ol given cenler and radius using the

Pythagorcan Theorem;, complete the square to find the canter and
radius of a circle given by an equation.

? Derlvae the equation of a parabola given a focus and direclrix.

1 (+) Derive lhe equalions of ellipses and hyperbolas given the fod,
using the fact that the sum or difference of distancas from thea focl is
constant.

Use coordinates to prove simple geometric theorems algebraically

4. Use coordinates to prove simple geometric theorems algebraically. For
example, prove or disprove that o figure defined by four given paints in the
coordinale plane s areclangle; prove or disprove thal the poind (1, V3) lies
on the circle centered at the onigin ond containing the point (0, 2).

5 Provetha slopea critaerla for parallal and parpendicular lines and usa
them W solve geomelric problems (e.9.. lind the equalion of a line
parallal or parpandicular to a givan lina that passas through a given

podnl).

. Find the point on a directed line segment boetween lwo given poinls
that partitions the sagmeant in a glven ratio.

7  U=sa coordinates to compute perimatars of polygons and araas of
riangles and reclangles, e.g., using the distance lonmmula, *

Geometric Measurement and Dimension G-GMD

Explain volume formulas and use them to solve problems

1. Give an informal argument for the formulas for the circumilerence ol
a circla, araa of a circla, volumea of a cylinder, pyramid, and cone. Use
dissection argurnents, Cavalien's principle, and informal imif arguments.

2 {+) Give an informal argument using Cavalieri's principle lor the
formulas for the volume of a sphare and other solld figures.

1 Use volume lomulas lor cylinders, pyramids, cones, and spharas to
solve problems.™

Visualize relationships between two-dimensional and three-
dimensional objects

4 Ildantify the shapes of tvo-dimeansional cross-sections of three-
dimensional objecls, and idenlily three-dimensional objects generated
by rotations of two-dimensional objects.

Modeling with Geometry G-MG

Apply geometric concepts in modeling situations

1.  Use geomeitric shapes, thelr measures, and thelr properlies lo describe
objects (e.g9.. modeling a tree trunk or a human torso as a cylinder).*

2 Apply concepts of density based on arca and volume in modeling
situations (a.q., parsons par squara mila, BTLs per cublc foot). *

1 Apply geomelric melhods o solve design problems (e.g., designing
an object or structure to satisfy physical constraints or minimize cost;
wiorklng with typographic grid systams based on ratlos).>
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Mathematics | High School—Statistics
and Probability®

Decisions or predictions are often based on data—numbersin context. These
deacisions or predictions would ba aasy If tha data always sant a cloar message, but
lhe message is ollen obscured by variability, Stalislics provides tools for describing
variability in data and for making informed decisions that take il inlo accounl.

Data are gathered, displayed, summarized, examined, and interprated to discover
pallerns and devialions from pallems. Quanlilalive dala can bo described in terms
of key charactoeristics: measures of shape, center, and spread. Tha shapa of a data
distribution might ba described as symmetric, skewead, fiat, or bell shaped, and il
migghl be summarisad by a slalistic measuring cenler (such as mean or median)
and a slalislic measuring spread (such as slandard devialion or interquartile range).
Different distributions can be compared numerically using these statistics or
comparad visually using plots. Knowledge of center and spread are nol enough Lo
describe a distribulion. Which slalislics o compare, which plots to use, and what
the results of a comparison might mean, depend on the quastion to ba Investigated
and the realHile aclions o be laken.

Randomization has two important usas In drawing statistical conclusions. First,
collecting data from a random sample of a population makes it possible to draw
valld conclusions about the whole population, taking variability into account.
Second, randomly assigning individuals o dillerenl realments allows a lair
comparison of the effectiveness of those treatments. A statistically significant
outcome is ona that is unlikely to be due to chance alone, and this can be evaluated
only under the condilion ol randomness. The condilions under which dala are
collected are important in drawing conclusions from the data; in critically reviewing
uses of statlstics In public medla and other reporis, It Is important to consider the
study design, how the data were gathered, and the analyses employved as well as
the data summaries and the conclusions drawn.

Random processos can be described mathematically by using a probability model;
a list or descriplion of lhe possible outcomes (lhe sample spaca), each of which s
assigned a probability. In situations such as flipping a coin, rolling a number cube,
or drawing a card, it might be reasonabla to assume various outcomeas are aqually
likely. In & probability model, sample poinls represent oulcomes and combine Lo
make up events, probabilities of events can be computed by applying the Addition
and Multiplication Rulas. Interprating these probabillities relias on an understanding
ol independence and condilional probability, which can be approached through the
analysls of wo-way tablas.

Technology plays an important role in statistics and probabilily by making il
possible to ganarate plots, regresslon functions, and comelation coofficients, and to
simulate many possible outcomes in a short amount of time,

Connections to Functions and Modeling. Functions maybausadto describe

daly; il the dala suggesl a linear relalionship, the relalionship can ba modelad
with a regrassion line, and its strangth and direction can be expressed through a
commelation coellicient.
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Statistics and Probability Overview

Interpreting Categorical and Quantitative Data

* Summarize, represent, and interpret data on a
single count or measurement variable

* Summarize, represent, and interpret data on
two categorical and quantitative variables

+ Interpret lincar models

Making Inferences and Justifying Conclusions

* Understand and evaluate random processes
underlying statistical experiments

+ Make inferences and justify conclusions from
sample surveys, experiments and observational
studies

Conditional Probability and the Rules of
Probability

* Understand independence and conditional
probability and use them to interpret data

* Use the rules of probability to compute
probabilities of compound events in a uniform
probability model

Using Probability to Make Decisions

+ Calculate expected values and use them to
solve problems

* Use probability to evaluate outcomes of
decisions

Mathematical Practices

1. Make sense of problems and persevers in
solving them.

2 Reason abstractly and quantitativaly.

3. Construct viable arguments and critique
the reasoning of others.

4. Model with mathematics.

5 Use appropriate tools strategically.
6. Attendtoprecision.

1. Loock for and make use of structura.

8. Lock for and express regularity in repeated
reasoning.
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Interpreting Categorical and Quantitative Data 510

Summarize, represent, and interpret data on a single count or
measurementvariable

1. Represent data with plots on the real number line [dol plols,
histograms, and box plots).

7 L=a statistics appropriata to the shape of the data distribution to
compara center (modian, mean) and spread (interquartila ranga,
standard deviation) of wo or mora differant data sels.

3 Interprel diterences in shape, center, and spread in the contoxt of
tho data sets, accounting for possible effects of exiramea data polnts
{outlicrs).

4 U=a the maan and standard deviation of a data set (o fil it lo & normal
distribulion and lo eslimale populalion percenlages. Recognize that
there are data sets for which such a procedure is not appropriata.
L=sa calculators, spreadsheats, and tablas to astimale areas under the
normal curve.

Summarize, represent, and interpret data on two categorical and
guantitative variables

5 Summarize categorical data for two categories in two-way frequency
tablas. Interprat relative frequeancles in the context of the data
{including joinl, marginal, and condilional relative requencies).
Recognize possible associations and trends in the data.

i Reprasant data on tvo quantitative variablas on a scatter plot, and
describe how the variables are related.

a. Fil & lunclion lo the dala; use lunclions lilled o data to solve
prablams In the context of the data. Lise given functions or choose

afunclionsuggested by the confexl. Emphasice lnear, quadratic, and
cxponential models.

b. Informally assess the fit of a function by plotting and analyzing
residuals.

C. Fil a linear lunclion for a scaller plol thal suggesls a linear
association,

Interpret linear models

T Intarprat tha slopa (rate of changa) and tha Intfercept (constant term)
ol a linear model in the conlext ol the dala.

§  Compute (using technology) and interpret the cormelalion coellicient
af a linear fit.

4 Dislinguish between correlalion and causalion.
Making Inferences and lustifying Conclusions 5-1C

Understand and evaluate random processes underlying statistical
experiments

1. Understand statistics as a process for making inferences about
population parameters based on a random sample from that
population.

2 Decide il a specilied model is consistent wilh results from a given
data-generating process, @.g., using simulation. For example, o model
saysaspinning coin folls heads vp with probabilify 0.5, Would aresull of 5
tailsinarowcause you toquestionthe model2

Make inferences and justify conclusions from sample surveys,
experiments, and observational studies
3 Recognize the purposes of and differences among sample surveys,

aexparimants, and obsarvational studias; explain how randomization
relales lo each.
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4. Use dala rom a sample survey lo eslimale a population meaan or
proporion; doevelop a margin of emor through the use ol simulalion
madeals for random sampling.

5  Use dala rom a randomized experiment lo compara bwo treatmeants;
use simulations o decide if diferences between paramelsrs are
significant.

6 Evaluale reporls based on dala.

Conditional Probabillity and the Rules of Probability 5-CP

Understand independence and conditional probability and use them
to interpret data

Describe evenls as subsels ol a sample space (Lhe sot of outcomeas)
using characteristics (or categories) of the outcomes, or as unions,
Intarsections, or complemeants of other events ("or,” "and,” "not”).

Undersland thal two evenls A and B are independent if the probability
ot A and B occurring together is the product of their probabilities, and
use lhis characlerizalion o delenmine il they are independent.

Understand the conditional probability of A given B as F{A and
BYFA(E), and interpret independence of A and B as saying that the
conditional probabllity of A glven B Is the same as the probabllity
ol A, and the conditional probability ol B given A is the same as lhe
probability of B.

Construct and interpret bvo-oway frequency tables of data when twvo
categories are associated with each object being classified. Use the
bao-way lable as a sample space to decide il evenls are independent
and to approximate conditional probabiliies. For example, collect
data from a random sample of students in your school on their favorile
subject among math, science, and English. Fsfimate the probability that a
randomly selecled sfudent from yvouwr school will favor science given fhat
the student is in fenth grade. Do the same for other subjects and companz
the results.

Hecognize and explain the concepls of conditional probability and
independence in everyday language and everyday situations. For
example, comparethe chance of havinglung caoncerifyouare a smoker
with the chance of being o smokerif you have lung cancer.

Use the rules of probability to compute probabilities of compound
events in a uniform probability model

6. Find the conditional probability of A given B as the fraclion of B's

Using Probability to Make Decisions

outcomes that also balong to A, and interpret the answer in lerms ol
the model.

Apply the Addition Rule, P{A or B) = P(A) + P(B) - P{A and B), and
Interprat tha answar In tarms of the modeal.

{+) Apply the general Multiplication Rule in a uniform probabillity
maodeal, P{A and B) = P{A)P(B|A) = P(B)P{A|R), and inlerprel lhe answer
in terms ol the model.

{+) Usea parmulations and combinations 1o compule probabilitios of
compound evenls and solve problems.

Calculate expected values and use them to solve problems

(+) Deline a random variable Tor a gquanlily ol inleresl by assigning
a numerical value to cach event in a sample space; graph the
corresponding probability distribution using the same graphilcal
displays as lor dala distribulions.

(+) Calculate the expected value of a random variable; interpret it as
thae mean of the probability distribution.

5-MD
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{+) Develop a probabilily distribulion lor a random variable defined

for a sample spaca In which theoratical probabillities can be calculated;

find the axpactad valua. For example, find the thearetical probakbility
disiribulion for the number of comec! answers oblained by guessing an
all five questions of a multiple- choice fesf whene each gueshon has four
choices, and find the expecied grade under various grading schemes,

{+) Develop a probabilily distribution for a random varlable defined
for a sample space in which probabilitics are assigned empircally; lind
Ihe expecled value, For example, lind o currenl dala distibution on the
number of TV sefs per household in the United Sfates, and calculate the
expacted number of tefs per househald. How many TV sels would you
expacl fo indin 100 randomly selected households®

Use probability to evaluate outcomes of decisions

&

{+) Weigh lhe possible oulcomes ol a decision by assigning
probabilitics to payoff values and finding expected values.

a. Find the expected payoff for a game of chance For example, find

the expecled winnings from a sfale lotlery fickef or o garme ol a fasf-
fewrd restaurant.

b. Fvaluate and compare siratengies on the basis of expected valuas
For example, compare o high-deduchible versws o low-deduchible
automabileinsurance policy wsing varouws, butreosonable, chancesof
having o rminor ora major accidend,

(+) Usc probabilitices to make fair decisions (e.q., drawing by lots, using
a random numbear ganarator).

{+) Analyze decisions and strategics using probabilily concepls (e.9.,
product tasting, madical testing, pulling a hackeay goalic at the end of
B QI ).
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Note on courses and transitions

The high school portion of the Standards for Mathematical Conlent specilies lhe
mathamatics all studants should study for collenae and caraar readiness. Theso
standards do nol mandale the sequence ol high school courses. However, the
arganization of high school courses is a critical component o implementation

of the standards. To that end, sample high school pathways for mathematics - in
both a traditional course sequance (Algebra |, Goeometry, and Algehra 1) as wall

as an integrated course sequence (Mathematics 1, Mathematcs 2, Mathemabcs 3)
—will be made available shorlly alter lhe release ol the final Common Core Stato
Standards. It is expocted that additional model pathrways basad on thasa standards
will become avallable as well.

The standards themsalves do not dictate curriculum, pedagoqy, or dallvery of
content. In partlcular, states may handla the transition to high school in dilterent
ways. For example, many sludenls in the ULS. loday lake Algebra | in the 8th
grade, and in some states this is a requirement. The K-7 standards contain the
prerequisites to prepare students for Algebra | by 8th grade, and the slandards are
designed to permit states to continue existing policies concerning Algebra | in 8th
qradea.

A sacond malor transition s the transition from high school to post-secondary
educalion for college and careers. The evidence conceming college and career
readiness shows clearly that the knowdedge, skills, and practices important for
raadiness includa a great deal of mathematics prior to the boundary defined by
(+) symbols in these slandards. Indeed, some of lhe highes! prionily content Tor
college and carcer readiness comes from Grades 6-8. This body of material includes
powearfully usaeful proficiencles such as applying ratio reasaning In real-waorld and
mathematical problems, computing fluently with positive and negalive raclions
and decimals, and salving real-world and mathamatical prablems involving

angle measure, area, surlace area, and volume, Because important standards for
college and career readiness are distributed across grades and courses, syslems
for evaluating college and career readiness should reach as far back in the
slandards as Grades 8-3. Il is important o nole as well thal cul scores or olher
information genorated by assessment systems for college and career readiness
should ba developad In collaboration with representatives from higher education
and worklorce development programs, and should be validaled by subseguent
performance of students in college and the workforce.



Glossary

Addition and subtractionwithin 5, 10, 20, 100, or 1000, Addition or subtraction
ol two whole numbers wilh whole number arswers, and with sum or minuand
in the ranga 0-5, 0-10, 0-20, or 0-100, respoctively. Example: 8 + 2 = 10 is an
addition within 10, 14 = 5 = 9 Iz a subtraction within 20, and 55 - 18 =37 is a
sublraction within 100,

Additive inverses. Two numbers whose sum is 0 are additive inverses ol ong
another. Fxample: 34 and — 34 are additive Invarses of ona another because
I+ (- Ay =(- ) + g =0,

Assaciative praperty of addition Sea Table 1 in this Glassary.
Assaciative property of multiplication. Sea Tabla 3 in this Glossary.

Hivariate data. Pairs ot linked numerical obsarvations. Example: a list of heights
and weighls lor each player on a loolball leam.

Box plot. A method of visually displaying a distribution of data values by using
tha madian, quartilas, and axtremes of the data set. A box shows the middle
50% of the dala.”

Commutative property. Sce Table 3 in this Glossary,
Complex fraction. A fractlon /8 where A and/ar B are fractions (B nonzara).

Compulalion algorithm. A sel of predelfined sleps applicable 1o a class ol
problems that gives the correct result in every case when the steps are carried
out comactly. See also: computation strateoy.

Computation strateqy. Purposeful manipulations that may be chosen for
specific problems, may not have a fixed order, and may be aimed at converting
one problem into another. 3o also: computation algorithm.

Congruent. Two plane or solid figures are congruent if one can be abtained from
the other by rigid motion (a sequence of rotations, reflections, and translations).

Counting on. A strateqy for finding the number of objects In a group without
having o counl every member ol lhe group. For example, il a stack of books
I= known ta have 8 books and 3 more books are added to the top, it is not
necassary to count the stack all ovar again. One can find the total by counting
an—pointing to the top book and saying “alght,” followlng this with “nine, ten,
cleven. There are eleven books now.”

Dot plot, 3oe; line plot.

Dilation. A transformation that moves each point aleng the ray through the
point emanating from a fixed conter, and multiplies distances rom the cenler by
a comman scale factor.

Expanded form. A mulli-digitnumber is expressed in expanded formwhean it s
written as a sum of single-digit multiples of powers of ten. For example, 643 =
GO0 + A0 + 3.

Expected value. For a random variable, the weighted average of its possibla
values, with weights given by their respective probabilitics.

First quartile. For a data sot with madian M, the first quartile is the median of
the data values less than M. Example: For the dala sel {1, 3,6,7.10, 12, 14, 15, 22,
120}, the first quartile is 6.2 Sco also: median, third quartile, Intarquartile range.

Fraction. & numhber axprassible In the form 9fb where a 1s a whole number and
b is a positive whole number, (The word fraclion in lhese standards abways refors
to a non-negative number.) 5ee also: rational number,

Identity property of 0. Soe Table 3 in this Glossary,

Independently combined probability models. Two probability models ara
sald to ba combined Independantly if the probabllity of each ordered pair in
the combined model equals the product of the original probabilitics of the two
Individual outcomes in the ardered pair.

‘Adapted from Wisconsin Department of Public Instruction, hitpefdplwl oo

; i/ i ., accessed March 2, 2010.

Many different methods for computing quartiles are in use. The maethod defined
here is somelimes called the Moore and McCabe melhod. See Langlord, E.,
"Quarliles in Elemenlary Stalistics,” Journal of Slafishics Educafion Volume 14,
MNumber 3 (200G).
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Integer. A number expressible m lhe form o of =g lor some whala numbear o

Interquartile Range, A moasure of variation in a sot of numerical dala, the
Intarquartile range Is the distance batwean the first and third quartiles of
the data sel. Example: Forthe dataset (1. 3,6, 7,10, 12, 14, 15, 22, 120}, the
interquartile range is 15 - 6 = 9. Sec also: first quartile, third guarlile.

Line plot. A mathod of visually displaying a distribution of data valucs whono
each dala value is shown as 8 dol or mark above a number ling. Also known as a
dot plot.?

Mean. A measure of canter in a sat of numearlcal data, compuled by adding the
values in @ lisl and then dividing by the number ol values in the list* Examplo:
Forthedataset(1.3,6.7,10, 12, 14, 15, 22, 120). the meanis 21.

Mean absolute deviation. A measure of varation in a sot of numerical data,
computed by adding the distances bebvean each data value and the mean, then
dividing by the number of dala values. Example: For the dala set {2, 3, 6, 7, 10,
12,14, 15, 22, 120}, the mean absolute deviation is 20.

Median. A measura of center In a st of numerical data. The median of a list ol
values is the value appearing at the center of a sorted version of the list—or the
maan of the two cantral valuas, If the list contains an even number of valuas.
Example. For the dala sel {2, 3, 6, 7, 10, 12, 14,15, 22, 90}, the median s 11.

Midline. In the graph of a trigonometric function, the horizontal line halfway
batwean its maximum and minimum valuas.

Multiplication and division within 100. Multiplication or division of twawhale
numbers wilh whole number answers, and wilh product or dividend in the range
0-100. Example: 72 + 8 =9,

Multiplicative inverses. Two numbears whose product Is 1 are multiplicative
inverses of one another. Example: 34 and 4/3 are multiplicalive inverses ol one
anaother bacause 34 « 403 = 473 = 34 =1

Number line diagram. A diagram of the number ling used lo represant numbears
and support reasoning about them. In a number line diagram for measuremenl
quantities, the Interval from 0 to 1 on the diagram represents the unit of measure
for the guantily.

Percent rate of change. A rate of change expressed as a percent. Examplo: ifa
population grows fram 50 to 55 Ina year, It groes by 50550 = 10% par year.

Probhahility distribution. The sat of possible valuas of a random variabla with a
probability assigned to cach.

Proparties of oparations See Tabla 3 in this Glossany
Properlies of equalily. See Table 4 in lhis Glossary.

Properties of inegualily. See Table 5 in s Glossary.
Properties of operations. See Table 3 in this Glossary,

Probabhility. & number batwean 0 and 1 usaed to quantify likelinood for processes
that have uncartain autcomeas (such as tossing a coln, selacting a porson at
random from a group of people, tossing a ball at a target, o lesling lor a
medical condition).

Probability model. A probabilily model is used lo assign probabilitios ta
outcomes of a chance process by examining the nature of the process. The sel
of all culcomes is called the sample space, and Ltheir probabilities sum to 1, See
calser: unitorm probability model.

Random variable. An assignment ol a numerical value lo gach outcome in a
sample space.

Rational expression. & quotient of tvo polynomials with a non-zero
denominalor.

Rational number. A number expressible in the lorm 9b or—9h lor some
fraction 9/k, The rational numbers include the inlegers,

Rectilinear figure. A polygon all angles of which are right angles.

Rigid motion. A ranslommalion of poinls in space consisling of a sequence ol

*Adapled from Wisconsin Department of Public Instruction, op. cif,
*To be more precise, this defines the adthmetic mean.
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one or more ranslalions, reflections, andfor rolations. Rigid maotions are hara
assumed to preserve distances and anglo measures.

Repeating decimal. Tha decimal form of a rational number. Soo alsa; torminating
decimal.

Sample space. In a probability model for a random process, o list of the
individual outcomes that are to be considerod.

Scatter plot. A graph In the coordinate plana reprasanting a sot of bivarato
data. For example, the heights and welghts of a group of peopla could ha
displayed on a scatter plot.®

similarily Uanslformation. & rigid molion lollesed by a dilation,

Tape diagram. A drawing thal looks like a segmenlt ol tape, usad to illustrate
number relalionships. Also known as a stip diagram, bar model, fraction strip, or
length model.

Terminating decimal. A decimal I= callad terminating If it repealing digil is 0.

Third gquartile. For a dala sel wilh median M, the lhird quartile is the median of
the data valuas greater than M. Exampla: For the data set {2, 3,6, 7,10, 12, 14,
15, 22, 120}, the third gquarlile is 15, See also; median, first quartile, interquarlile
range.

Transitivity principle forindirect measurement. Ifthelengthofobject Als
graater than the length of oblact B, and the langth of object B Is greater than
the length of object C, then the length of object A is greater than the length of
abject C. This principle applies to maasureament of othar quantities as wall.

Uniform probability model. A prababliity madel which assigns equal
probability 1o all oulcomes. See also; probability model,

Vector. A quantity with magnituda and diraction in tha planc or in spaca,
delined by an ordered pair or riple ol real numbers.

Visual fraction model. A tape diagram, number line diagram, or area model,
Whole numbers, The numbers 0, 1, 2, 3, ...

thdapted from Wisconsin Department of Public Instruction, op. cif,
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Teme 1. Common addition and subfraction sltuations.®

Add to

Take from

Put together/

Compare’®

Result Linknown

Two bunnlas sat on the grass.
Ihree more bunnies hopped
there. How many bunnies ane
on the grass now?

Change Unknown

Twor bunnics wene sitting

on lha grass. Some maore
bunnies hopped there. Then
there were five bunnies. How
many bunnlas hoppead ovar

Start Unknown

Some bunnies were sitting
on the qrass. Threa maore
bunnies hopped there. Then
thore wore five bunnies. How
many bunnies wara an tha

2+3=7%
to the first two? grass belore’?
2+7=5 7+3=5
Five applas ware on lha Five apples were on the Some apples were on the

lable. 1 ale o apples, How
many apples are on the table
now?

2-2=%

lable. | ate some apples.
Then thare weara threa
gpples. How many apples did
| eat?

G-1=3

table. | ate b0 apples. Then
thare weara threa apples. How
many apples were on the
tabla hefora?

F=2=3

Total Unknown
Three red apples and two
grecn apples are on the
table. How many apples are
on the lable?
3+2:=7%

Addend Unknown
Five apples are on Llhe lable.,
Three are red and the rest
ara grean. How many apples
are green’?
3+7=5 5-3=7%

Both Addends Unknown'

Grandma has live llowers.
How many can she put in her
red vasa and how many In
her blue vase?

G=0+55=5+0

5=2+35=3+2

Difference Unknown
("Howr many more?” version):

Lucy has two apples. Julie
has live apples. How many
more apples does Julic have
than Lucy?

("How many fewer?” version):
Lucy has teo apples. Julie
has live apples. How many

ferwor apples does Lucy have
than .Julla?

2+7=5 5-2=7

Bigger Unknown
(Wersion with “more”™):

Julie has three more apples
than Lucy. Lucy has bvo
apples. How many apples
does Julle have?

(Version with “lewer™):

Lucy has 3 fewer apples than
Julie. Luey has two applas.
How many apples does Julie
have?

2#3=7 J3+2=97

Smaller Unknown

(Wersion with "mora™):
Julie has three more apples
lhan Lucy. Julie has live
apples. How many apples
doeas Lucy have?

(Wersion wilth “lewer™)

Lucy has 3 fewer apples than
Julie. Julle has five applas.
How many apples does Lucy
have?

5-3=97 7+3=5

'Thesea take apart situations can be usad to show all the decomposiions of a given number . The assocaled equations, which
hawve the total on the left of the equal sign, help children understand thal the = sign does nol abyvays mean makes or resulls m
but abvays does mean is the same number as,

*Eilher addend can be unknown, 50 there are three vanabions of these problem situations. Both Addends Unknown is a pro-
ductive extension of this basic situation, espacially for small numbers less than or equal to 10.

*For the Bigger Linknown or Smaller Unknown situations, one varsion directs the correct oparation (The version using mora
for Lhe bigger unknown and using less lor the smaller unknown). The other versions are more difficult.

SAdapted from Box 2-4 of Mathematics Leaming in Early Childhood, National Rescarch Coundcil (2009, pp. 32, 33).
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Tawke 2. Cormmon mulliplication and division silualions.”

Unknown Product

Equal
Groups

3x6=7

There are 3 bags wilh 8 plums
In @ach bag. How many plums
ard thone in all?

Mecsurement cxample. You
naad 3 langths of siring, each
6 incheas long. How much siring
will you need allogelhery?

Group Size Unknown
{("How many in each group?”
Division)

3x?=1RB, and1B+3=7

If 18 plums ara sharad aqually
into 3 bags, then how many
plums will ba In each hag?

Mecsurement example You
have 10 inches ol sinng, which
yvou will cut into 3 equal pieces.
How long will cach piece of
string ba?

MNumber of Groups Unknown
{"How many groupsy" Division)

?x6=18,and 18+-6=7

If 18 plums are to ba packed &

lo a bag, then how many bags
ara neadad?

Meosurament example You
have 18 inches ol stnng, which
yvou will cut into pieces that are
6 inches long, How many picces
of sinng will you have?

Arrays*
Area®*

Thare are 3 rows of applas
wilh & apples in each row, How
many applas are thara?

Arecexample. Whatisthe area
ol a 2 cm by 6 cm reclangle?

If 18 apples are arranged inlo 3
equal rows, how many apples
will ba in each row?

Area example. A rectangle has

gred 18 square cenlimelers. 11
one side is 3 em lang, how long
15 8 side nexl o l?

I 18 apples are arranged inlo
equal rows of G apples, how
many rores will there ba?

Areq example. A rectangle has

gred 18 square cenlimelers. I
ona side is 6 cm long, how long
15 & side nexl toal?

Compare

A blue hal cosls $6. A red hat
costs 3 times as much as the

blue hat. How much does the
red hal cosl?

Meosurement example. A
rubber band is 8 cm long, How
long will the rubber band be
whean it Is stretchaed to ba 3
times as long?

A red hal costs $18 and thal is
3 times as much as a blue hat
costs. How much does a bluea
hal cosl?

Measurarment coxomple, A
rubber band Is sirafched to he
18 cm long and thal is 3 limes
as long as it was at first. How
long was the rubber hand at
first?

A red hal cosls 318 and a blue
hat costs $G. How many times
as much doeas the red hat cost
as lhe blue hal?

Measurement example, A
rubber band was 6 cm long at
lirsl. Mow il is stretched o be
18 cm long. How many times as
long s the rubbear band now as
it was at first?

General

a=xb=2

axzf=pandp+a=¥%

dxb=pandp-b=2

“The language n the amay examples shows the easesl lorm of array problems. A harder Torm s o use the lenms rows and

columns’ The apples in the grocary window are in 3 rows and 6 columns

valuable

How many applas are in thera? Both forms are

*Arca involves amays of squares that have been pushed together so thal there are no gaps or overlaps, 50 amay problems
include these especially important measurement situations,

The first examplas in eaach cell are examples of discreta things. These are easler for studants and should ha given
betlore the measuremenl examples,
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Tabie 3. The properlies of operations, Here o, b and ¢ stand for arblirary numbars In a ghven numbear systam. The
proportics of oporations apply to the rational number system, the real number syslem, and the complex number

systam,

Associalive properfy of addilion
Commulalive properly of addiion
Additive identity properfy of 0
Existence of addifive inverses
Associafive propery of muttiplicafion
Commutafive properfy of mulfiplicafion
Muttiplicative identify property of 1
Exsfence of mulliplcolive inverses

Distnbulve properly of mulfipfcation over addifion

Tarmte 4. The proparties of equality. Here @, b and ¢ stand for arbifrary numbers in the rational, real, or complex number

syslems.

Reflexive properly of equalify
Symmedric property of equality
Transitive property of equalify
Addiion property of equality
Subfraction property of equalify
Mulliphcation property of equality
Division property of equalify
Substitution property of equality

[a+tbhy+tc=a+{b+c)
atb=bta

a+l=0+ag=qa

For every a there exists -a sothata + (~a) = (-g) +a = 0.

axblxec=ax(bxec)
axb=b=o

axl=1=xa=q

I—uravarya:ﬂthurum:ists”asuﬂmtﬂ «lag=Tligxa=1,

ax(b+c)=agxb+axc

a=a
fa=b than b =a.
Fo=bandb=c thana=c.
Na=b,lhena+c=b+c
Ka=b theno-c=b-c.
fa=b thanaxc=hb=xc.
No=bemdcz0lheno+c=b+c.
If & = b, than b may be substituted for o
in any expression conlaining <.

Tawke 5. The properties of inequality. Here a, b and ¢ sland tor arbltrary numbers in tha rational or real number

systoms.

We, the Diocese of Saginaw Catholic Schools, have vetted and adapted the Commeon Core Standards to meet our
rigor and tradition of Catholic school excellence. The teachings of lesus Christ conlinue o be at the core of whal we do

and who we are.
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